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The Cumulative Sum Technique

How does it compare with a process behavior chart?

Donald J. Wheeler

The cumulative sum (or Cusum) technique is occasionally offered as an
alternative to process behavior charts even though they have completely
different objectives. Process behavior charts characterize whether or not a
process has been operated predictably. Cusums assume that the process is
already being operated predictably and look for deviations from the target value.
Thus, by replacing process characterization with parameter estimation, Cusums
beg the very question process behavior charts were created to address.

To illustrate the Cusum approach and compare it with an average chart I shall
use the example from page 20 of Shewhart’s first book Economic Control of
Quality of Manufactured Product. These data consist of 204 measurements of
electrical resistivity for an insulator. Shewhart organized them into 51 subgroups
of size four based upon the time order in which the measurements were

obtained. Figure 1 gives the averages and ranges for these 51 subgroups.
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Average
-1- 4430
-2- 4372.5
-3- 3827.5
-4- 3912
-5- 5071.25
-6- 4682.5
-7- 4557.5
-8- 4725
-9- 4733.75
-10- 43725
-11- 4943.75
-12- 47225
-13-  4278.75
-14- 42425
-15-  4007.5
-16-  4006.25
-17- 4606.25
-18-  4647.5
-19- 4441.25
-20-  4566.25
-21-  4548.75
-22- 3846.25
-23- 45725
-24- 4470
-25- 4676.25
-26- 4710

Range
1070
200
335
1900
815
245
1125
255
245
680
1410
745
800
205
1695
1455
910
665
785
520
605
445
1000
390
570
280

-27-
-28-
-20-
-30-
-31-
-32-
-33-
-34-
-35-
-36-
-37-
-38-
-39-
-40-
-41-
-42-
-43-
-44-
-45-
-46-
47-
-48-
-49-
-50-
-51-

Average
4366.25
4222.5
4367.5
4495
3550
4498.75
4476.25
4528.75
4550
3701.25
4030
4781.25
4797.5
4887.5
4760
4853.75
4925
5041.25
4835
4555
4566.25
4842.5
4343.75
4361.25
5100

Range
730
700
635
390

1115
540
655
725
400
265
675
500
650
300
500
505
300
335

1385
340
265
230
490

1360
250

Figure 1: Shewhart’s Resistivity Averages and Ranges

The grand average is 4498 megohms and the average range is 659 megohm:s.

The target value for this material was 4400 megohms. If we place the central line

for the average chart at 4400 megohms our average chart will detect deviations

from the target value. Since the objective of Cusum is to detect deviations from

target, using 4400 as the central line for the average chart will give us a direct

comparison between the two techniques.
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Figure 2: Average and Range Chart for Shewhart’s Data

The average chart shows nine excursions where the measurements were
detectably different from 4400. Including points in the same runs, these
excursions involved 27 of the 51 subgroups. The numbers between the two
charts denote those subgroups where the average chart first detects each of these
nine excursions. Seven of these signals are points outside the three sigma limits
and two signals (at points 16 and 39) are runs beyond two-sigma. Thus, the story
told by the average chart is one of a process that is off-target over half the time.

Now we turn to see what story a Cusum will tell about these data.

THE CUMULATIVE SUM TECHNIQUE

While the original version of the cumulative sum technique was based upon a
graph, today it is an algorithmic technique. To create your Cusum algorithm
certain information is needed from the data and certain choices have to be made

by the user.

Step One: Select a Target Value for the Time Series:

The Cusum technique is essentially a sequential test of hypotheses for
detecting deviations from a target value. (The null hypothesis being that the
process is operating on target.) In the case of the resistivity data the target value
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is 4400 megohms.

Step Two: Obtain a Measure of Dispersion for the Time Series:

Under the assumption that the process has been operated predictably the
usual estimate for dispersion would be the standard deviation statistic computed
using the 51 subgroup averages. Here this statistic is s = 352 megohms.
However, since we already know the assumption of a predictable process is not

true, we shall use the average range of 659 megohms to estimate:

Sigma(Averages) = R 659 = 160 megohms

dyNn  2.059 * V4

When a process is operated predictably these two different estimates of
dispersion will be quite similar. By using the second value here we shall

substantially increase the sensitivity of our Cusum technique.

Step Three: Compute the Standardized Deviations from Target:

We subtract the target value from each subgroup average and divide by
Sigma(Averages) to get the standardized deviations from target:

(X; — Target)
Sigma(Averages)

Z; =

Step Four: Determine the Size of Shift To Be Detected

From 1954 to the present Cusum has been presented as being more sensitive to
process shifts than process behavior charts. One reason for this is that Cusums
are traditionally set up to detect small shifts. The Cusum shift constant, k, is one-
half the size of the minimum shift that you wish to detect. This shift is expressed
as a multiple of the standard deviation of the statistic being tracked by the
Cusum. By far the most common value used for the Cusum shift constant has
been k = 0.5. With subgroups of size n = 4 this shift constant will result in a
Cusum that should detect shifts greater than:

2k SD(X)
\n

While it is logical to assume that a Cusum which detects shifts greater than

2 k SD(averages) = = 0.5 SD(X)

0.5 SD(X) will be more sensitive than the average chart in Figure 2, we shall see
that this is not the case.
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Step Five: Determine the Critical Value for the Cumulative Sums

The critical value for the cumulative sums, h, will depend upon the Cusum

shift constant, k, and the advertised alpha level for the Cusum technique:

1 1
h'~'2klnﬁa@

Thus, in addition to choosing the size of shift to be detected, the user also has
to choose a risk of a false alarm, a. Here, since we are seeking to compare
techniques, we will use the nominal alpha level of the average chart which is a =

0.003. With k = 0.5 the formula above gives:
h= 581

Thus, in addition to an estimate of dispersion for the process and a known
target value, the Cusum technique depends upon three parameters, k, /i, and the

subgroup size 1.

Step Six: Compute the Cumulative Sums

The Cusum algorithm for the standardized deviations from target computes
two partial sums for each value in the time series. These will be the upper
cumulative sum, U;, and the lower cumulative sum, L;, where:

U;= MAX{(Z; - k+ Uj—7) and 0}
Li= MIN{O and (Z; + k+ Li—7)}
The initial values of Uy and Ly are taken to be zero.

Whenever U; exceeds the critical sum h, or whenever L; falls below the
negative of the critical sum, -/, the Cusum is said to have detected a shift away

from the target value.

The operation of the Cusum algorithm is illustrated in the table in Figure 3.
There the Cusum identifies three periods involving 21 subgroups where the
average is said to be detectably different from the target value of 4400. These
departures were first detected at subgroups 8, 21, and 40

Figure 3: A Cusum Algorithm for the Average Resistivities
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i Xi Zi Zi - k+ul'_1 Zi +k+L1’_1 llz- Li
1 4430 0.19 -0.31 0.69 0.00 0.00
2 43725 -0.17 -0.67 0.33 0.00 0.00
3 38275 -3.58 -4.08 -3.08 0.00 -3.08
4 3912.0 -3.05 -3.55 -5.63 0.00 -5.63
5 507125 4.20 3.70 -0.93 3.70 -0.93
6 46825 1.77 4.96 1.33 496 0.00
7 45575 0.98 5.45 1.48 545 0.00
8 47250 2.03 6.98 2.53 6.98* 0.00
9 4733.75 2.09 8.56 2.59 8.56* 0.00
10 43725 -0.17 7.89 0.33 7.89* 0.00
11 494375 340  10.79 390  1079* 0.00
12 47225 202 1230 252 12.30* 0.00
13 4278.75 -0.76 11.05 -0.26 11.05* -0.26
14 42425 -0.98 9.56 -0.74 9.56 * -0.74
15 4007.5 -2.45 6.61 -2.70 6.61* -2.70
16 4006.25 -2.46 3.65 -4.66 3.65 -4.66
17 4606.25 1.29 4.44 -2.87 444 -2.87
18 46475 1.55 5.48 -0.82 548 -0.82
19 4441.25 0.26 5.24 -0.06 524 -0.06
20 4566.25 1.04 5.78 1.48 5.78 0.00
21 454875 0.93 6.21 143 6.21* 0.00
22 3846.25 -3.46 2.25 -2.96 225 -2.96
23 45725 1.08 2.83 -1.38 2.83 -1.38
24 44700 0.44 2.77 -0.45 277 -045
25 4676.25 1.73 3.99 1.78 3.99 0.00
26 4710.0 1.94 5.43 2.44 543 0.00
27 4366.25 -0.21 4.72 0.29 472 0.00
28 42225 -1.11 3.11 -0.61 3.11  -0.61
29 4367.5 -0.20 2.41 -0.31 241 -0.31
30 4495.0 0.59 2.50 0.78 2,50 0.00
31 3550.0 -5.31 -3.31 -4.81 0.00 -4.81
32 4498.75 0.62 0.12 -3.70 012 -3.70
33 4476.25 0.48 0.09 -2.72 0.09 -2.72
34 4528.75 0.80 0.40 -1.41 040 -1.41
35 4550.0 0.94 0.84 0.02 0.84 0.00
36 3701.25 -4.37 -4.03 -3.87 0.00 -3.87
37 4030.0 -2.31 -2.81 -5.68 0.00 -5.68
38 4781.25 2.38 1.88 -2.80 1.88 -2.80
39 47975 248 3.87 0.19 3.87  0.00
40 4887.5 3.05 6.41 3.55 6.41* 0.00
41 4760.0 2.25 8.16 2.75 8.16* 0.00
42 4853.75 2.84 10.50 3.34 10.50* 0.00
43 4925.0 3.28 13.28 3.78 13.28* 0.00
44 5041.25 4.01 16.79 4.51 16.79* 0.00
45 4835.0 2.72 19.01 3.22 19.01* 0.00
46 45550 097  19.48 147 19.48* 0.00
47 456625 104  20.02 154 2002 0.00
48 48425 277 2228 327  2228* 0.00
49 4343.75 -0.35 21.43 0.15 21.43* 0.00
50 4361.25 -0.24 20.69 0.26 20.69* 0.00
51 51000 4.38  24.56 488  24.56* 0.00

Figure 3: A Cusum Algorithm for the Average Resistivities

The first Cusum signal identifies eight subgroups (subgroups 8 through 15) as
being detectably above 4400. The second Cusum signal identifies subgroup 21 as
detectably above 4400. This subgroup is the fifth in a run of five subgroups that
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average just over 1 standard error above 4400 (which is just the size of shift we
asked the Cusum to find). Finally, the Cusum identifies the last 12 subgroups
(subgroups 40 through 51) as being detectably greater than 4400.

COMPARISON OF TECHNIQUES

How these two techniques worked with this data set is summarized in Figure
4. There we find that these two techniques characterize 18 of the 51 subgroups
differently—they disagree on over one-third of the subgroups!

Subgroups  Avg Chart Cusum
1,2 okay okay
3,4 below 4400 #  okay

56,7 above 4400 #  okay
8,9 above 4400 above 4400
10 okay # above 4400
11, 12 above 4400 above 4400
13, 14 okay # above 4400
15 below 4400 # above 4400
16 below 4400 #  okay
17 to 20 okay okay
21 okay # above 4400
22 below 4400 #  okay
23 to 30 okay okay
31 below 4400 #  okay
3210 35 okay okay
36 below 4400 #  okay

38, 39 above 4400 # okay
40 to 48 above 4400 above 4400

49, 50 okay # above 4400
51 above 4400 above 4400

Figure 4: Comparison of Average Chart and Cusum

So, is the Cusum more sensitive than the average chart? It did detect a one-
sigma shift for subgroups 17 through 21 that the average chart did not detect.
However, this Cusum missed six three-sigma signals (subgroups 3, 4, 5, 22, 31, &
36), and it also missed two two-sigma signals (subgroups 15 & 16 and subgroups
38 & 39). Moreover, this Cusum reported six subgroups with averages below
4400 as being detectably greater than 4400 (subgroups 10, 13, 14, 15, 49, & 50)!

So while this Cusum did belatedly detect the two long excursions above 4400,

the inertia inherent in the cumulative sums made the Cusum slow to detect when
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the deviations began and slow to detect when those deviations ended. Thus,
with eight missed signals and six spurious signals we can only conclude that the

“increased sensitivity” of the Cusum is more of a myth than a reality.

THE REST OF THE STORY
The following is what Shewhart wrote about Figure 2.

“Several of the [averages] lie outside these limits. This was taken as an
indication of the existence of causes of variability which could be found
and eliminated.

“Further research was instituted at this point to find these causes of
variability. Several were found, and after these had been eliminated an-
other series of observed values gave the results [on the right in Figure 5].
Here we see that all of the points lie within the limits. We assumed
therefore, upon the basis of this [chart], that it was not feasible for research
to go much further in eliminating causes of variability. Because of the
importance of this particular experiment, however, considerably more
work was done, but it failed to reveal causes of variability. Here then is a
typical case where the [process behavior chart] indicates when variability
should be left to chance.”
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Figure 5: Shewhart’s Before and After Average Charts for Resistivity

Notice that they not only removed the outlying averages but they also ended
up with much tighter limits centered near 4400. By identifying the assignable
causes of exceptional variation and making them part of the controlled inputs for
the process we not only eliminate the outliers, but we also remove major sources

of variation from our processes.

SUMMARY

Because of the many choices required, many different Cusums can be created
to meet various criteria. In fact many different Cusums can be created to meet a
single criterion. These choices may allow a Cusum to be more sensitive to small
shifts than a process behavior chart, however, by the very nature of the inertia
inherent in the cumulative sums, they will always be slower than a process behavior
chart in detecting large, sudden, or ephemeral changes.

This fact of life has been well documented in the literature. It is the reason
several authors have suggested using Shewhart’s average chart along with a
Cusum. The idea being that the process behavior chart will detect the large
changes while the Cusum will detect the small changes.

Of course, using the Western Electric zone tests with a process behavior chart
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will accomplish the same thing with much less effort. But when you have
invested all the time and effort required to figure out your Cusum algorithm, you
are probably going to insist on using it come hell of high water!

Shewhart created process behavior charts to detect large changes because
those are the changes where it will be worthwhile to find the cause and fix it. He
was not concerned with small shifts because he was looking for ways to improve
a process and small shifts have little to offer.

Cusum was created to maintain the status quo by detecting small shifts in the
average of a predictable process. Recent articles show that statisticians are
currently trying to tweak the Cusum technique to make it less sensitive to small
changes and more sensitive to large changes. This means that they are trying to
get Cusum to operate more like a process behavior chart!

Why would they try to do this? Because there is a mathematical theorem that
tells them that when the process is operated predictably the Cusum is an optimal
technique for detecting sustained shifts in location. Blinded by this limited
“optimality,” they look no further. However, when the assumption of a
predictable process is not satisfied the Cusum technique is no longer optimal (as
was shown by the example above).

Predictable operation is not a natural state for a production process. And this
is the fundamental problem with the Cusum approach. You cannot simply
assume a process is being operated predictably. Predictable operation is an
accomplishment that can only be maintained by the continued use of a process
behavior chart. A process behavior chart is simpler to set up than Cusum; it is
easier to use than Cusum; it is more sensitive to shifts that are economically
important than is Cusum; and a process behavior chart is necessary to maintain a

predictable process. So why go anywhere else?
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