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Some Outlier Tests: Part One

Comparisons and Recommendations

Donald J. Wheeler

The first statistical test was a test for outliers. The problem of what to do about outliers has
been around from the beginnings of data analysis. Part One will compare four tests for outliers.
Next month part two will cover some additional tests for outliers.

Statisticians know how to analyze homogeneous data. After all, the initial assumption
behind all statistical inference is that the data are represented by independent and identically
distributed random variables. But all outliers are prima facie evidence of a lack of homogeneity.
As such, outliers undermine statistical analyses. Hence statisticians often seek to sharpen up
their analyses by deleting the outliers.

But what if the outliers are more than some sort of clerical error? What if the outliers are
actually good data that reflect a change in the process or system producing the measurements?
The purpose of analysis is insight, but what insight can be gained if we ignore signals of a
change? So while the detection of outliers is important, the assumption that we can delete the
outliers and then obtain a meaningful analysis is highly questionable. Perhaps the greatest
insight to be obtained from our data is an explanation of why the outliers exist. Good
experimenters understand this. To paraphrase George Box, if you discover silver while digging
for gold, stop and mine the silver. Nevertheless, whether we delete the outliers and proceed with
our statistical computations, or stop to learn why the outliers happened, the first step is still the
detection of the outliers.

PEIRCE’S CRITERION

In 1852 Benjamin Peirce published a test for identifying outliers [1]. His test was equivalent
to the following: Given n data (for n = 4 to 60) compute the average and the global standard
deviation statistic. Let k denote the number of suspected outliers (k =1 to 9) and compute the
interval:

Average = R(nk) x Standard Deviation Statistic

where the R(n,k) values can be found in a table in reference [2]. Regardless of the value of k used,
any and all values found outside the interval above are classified as outliers. Figure 1 contains a
few of the R(n k) values. Inspection of Figure 1 reveals that Peirce’s criterion defines outliers as
points that fall as little as 1.2 to 2.4 standard deviations away from the average. Figure 2 contains
the estimated overall alpha levels for these R(n,k) values.
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Rnk) n=5 n=10 n=15 n=20 n=25 n=30
k=1 1509 1878 2076 2209 2307 2.385
k=2 1200 1570 1775 1914 2.019 2103
k=3 — 1.380 1589 1.732 1840 1.927

Figure 1: Some R(n,k) Factors for Peirce’s Criterion for Outliers

Alpha n=5 n=10 n=15 n=20 n=25 n=30
k=1 0364 0372 0366 0.366 0.358 0.355
k=2 1000 0822 0.772 0740 0.717 0.699
k=3 — 0974 0948 0.925 0.907 0.892

Figure 2: Overall Alpha Levels for Peirce’s Criterion for Outliers

The overall alpha levels in the first row are unacceptably high by modern standards and the
remaining alpha levels are, in a word, obscene. When we perform a test with a false alarm
probability of 35%, 70%, or 90% we completely undermine the likelihood that an observed
outcome is real. This likelihood that a positive test outcome is correct is known as the positive
predictive value (PPV) for the test. In this context the PPV is the probability that a point
identified as an outlier is actually an outlier rather than a good data value. The PPV curve for
Peirce’s R(n,1) values is shown in Figure 3. (See the postscript for more about the PPV curves.)
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Figure 3: PPV Curve for Peirce’s R(n,1) Cut-offs

When we use Peirce’s test and identify a point as an potential outlier, we have no more than a
72% chance that that point really is an outlier. There is at least a 28% chance that it is actually a
good data value that has been misidentified. The second and third rows of Figure 1 have PPV
curves that are much lower than the curve shown in Figure 3. About the only thing worse than
using Peirce’s test for a single outlier (where k = 1) is using Peirce’s test with k > 1.

You have paid good money to obtain your data, and you will want to be sure that a point is
an outlier before you delete it, but Peirce’s large alpha levels will always deny you this assurance.
Moreover, there is a differential priority for finding outliers. As we saw last month the
contaminating effect of an outlier increases with the size of the outlier [3]. Specifically, if we add
a single outlier to a data set of n values we get:
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(Outlier — Average )?
n

Contaminated Variance = Original Variance +

This equation shows why it is more important to detect the larger outliers. In spite of this,
Peirce’s test is so focused on finding all of the outliers that it virtually guarantees that you will also
have false alarms at least 36% of the time. As we will see below, better tests for outliers exist. Yet

Peirce’s criterion is still being recommended in articles published within the last 20 years [2].

CHAUVENET’'S CRITERION

In 1863 William Chauvenet published another test for identifying outliers [4]. His test was
equivalent to the following: Given n data (n 2 5) compute the average and the global standard
deviation statistic. Let z(n) denote the standard normal variate that corresponds to the upper tail
probability P =[1/(4n)]. (Forn =5, P=0.05, and z(n) = 1.645.) Then compute the interval:

Average =+ z(n) x Standard Deviation Statistic

Values outside this interval are designated as outliers. Figure 4 gives selected values of z(n),
the estimated overall alpha levels, and the PPV values.

n=5 n=10 n=15 n=20 n=25 n=30

z(n) 1.645 1960 2128 2241 2326 2.39%
alpha 0.140 0273 0309 0329 0339 0.345
PPV 0.795 0.757 0741 0.731 0.726 0.723

Figure 4: Chauvenet’s Criterion for Outliers

Chauvenet’s criterion may be seen to be slightly more conservative than Peirce’s by
comparing the z(n) values with the R(n,1) values. However, Chauvenet’s overall alpha levels
quickly reach the neighborhood of 30%, resulting in the excessive identification of good data as
outliers. The PPV curve for Chauvenet’s test is shown in Figure 5. It drops down with increasing

n because Chauvenet’s test does not try to hold the overall alpha level constant.
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Figure 5: PPV Curve for Chauvenet’s Criterion for Outliers
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Overall, Chauvenet’s test leaves you with about a 71% to 79% chance that the values you
identify as outliers may actually be real outliers. While this is slightly better than Peirce’s PPV
curve, it is still not very good.

In all fairness, at the time Peirce and Chauvenet did their work, the global root-mean-square
deviation was all that was available. The work that resulted in the use of the within-subgroup
variation began in 1875 with Sir Frances Galton’s sweet-pea experiment but was not fully
developed until the early Twentieth Century. So Peirce and Chauvenet did not know about the
modern foundation of statistical inference when they developed their techniques. Today we do,
and so we can do better. Nevertheless, Chauvenet’s test continues to be included in articles and
textbooks today [2] [5] [6].

THE INTERQUARTILE RANGE TEST FOR OUTLIERS

In 1977 John W. Tukey gave us a nonparametric test for “outside” values with fixed-width
limits based on the Interquartile Range [7]. This test begins with the data arranged in numerical
order and uses the first and third quartiles. The interquartile range is the difference between the
third quartile and the first quartile:

IQR = Q3-0Q1
Tukey’s upper cutoff pointis Q3 + 1.5 IQR.
Tukey’s lower cutoff pointis Q1 — 1.5 IQR.

Points outside these cutoffs are classified as outliers. For a normal probability model these
cutoffs approximate the interval:

Average + 2.700 Standard Deviations

While +2.7 standard deviations sounds more conservative than either Peirce’s or Chauvenet’s
tests, the inherent uncertainty in the quartile statistics results in a technique that is comparable in
performance.

Since the first and third quartiles will depend upon the next-to-largest and next-to-smallest
values when 11 =5, 6, 7, or 8, this test can only detect extremely large outliers when it is used with
small data sets.

The IQR test does not attempt to control the overall risk of a false alarm. Figure 6 lists some
estimated alpha-levels and PPV values for this procedure. Once more we are faced with alpha-
levels in the neighborhood of 30% or more which will inevitably result in many false alarms.

IQR n=12 n=14 n=16 n=18 n=20 n=30 n=40
alpha 0277 0286 0288 0299 0304 0338 0375
PPV 0749 0745 0.746 0.740 0.738 0.722 0.704

Figure 6: False Alarm Rates for the Interquartile Range Test for Outliers

The PPV curve for the IQR test is shown in Figure 7. It falls in the same neighborhood as
Peirce’s and Chauvenet’s tests. While John Tukey only proposed this as a preliminary technique,
its large overall alpha levels and weak PPV makes this test unsatisfactory for any serious analysis.
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Figure 7: PPV Curve for IQR Test for Outliers

The fact that such weak procedures as Peirce’s and Chauvenet’s procedures are still getting
mentioned in engineering texts and journal articles is a testimony to the need to be able to detect
unusual values. While unusual values appear in all sorts of data, this is no excuse for using
inferior techniques for detecting them. Better techniques are available. One of these is given
below, and others will be given in part two.

THE XmR CHART TEST FOR OUTLIERS

The chart for individual values and moving ranges was created by W. J. Jennett in 1942 as a
sequential procedure for tracking a continuing stream of individual values [8]. However, the
baseline portion, where the limits are computed, may be used as a stand-alone test for outliers
with data sets of 8 or more values [9]. Here we use fixed-width limits defined by:

Average Moving Range
Average + 3 X 1.128

Points outside these limits may be safely interpreted as being outliers.

This approach differs from all of the preceding approaches in that it is built on the foundation
of all modern techniques of statistical inference: it uses the within-subgroup variation rather than
a global measure of dispersion. By using John von Neumann’s method of successive differences
it avoids the contamination that is inherent with all global measures of dispersion [10].

When we use the baseline portion of an XmR chart as a test for outliers the overall alpha level
will increase with increasing n as shown in Figure 8. However, this overall alpha level does not
grow as large or as rapidly as the overall alpha levels for Peirce’s, Chauvenet’s, and the IQR tests.
Thus, when the XmR chart identifies a point as an outlier it is very likely to actually be an outlier.
The PPV values for the XmR chart are shown in Figure 8 and plotted in Figure 9.

XmR n=10 n=15 n=20 n=25 n=30 n=40
alpha  0.027 0.040 0.053 0.065 0.078 0.103
PPV 0955 0940 0.928 0913 0903 0.876

Figure 8: Characteristics of the XmR Test for Outliers
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Figure 9: PPV Curve for XmR Test for Outliers

If you use the baseline portion of an XmR chart as a test for outliers you will find those
outliers that are large enough to create serious contamination while simultaneously minimizing
the number of times that good data are misidentified as outliers. The result is a PPV curve that is
much higher than the curves for the preceding tests. As a test for outliers, the baseline portion of an
XmR chart is superior to all of the preceding tests. When you find an outlier it is very likely to be real.

With data sets having n = 5, 6, or 7 values which contain a single value that looks different
from the rest, the XmR chart limits may be computed using the n—1 values and the different value
may be compared to these limits. The conservative nature of the XmR limits when used with
short baselines is sufficient to label a point outside these jackknifed limits as an outlier.

Caution: since the method of successive differences does not work when the data have been
arranged in numerical order, it is important to avoid applying an XmR test for outliers to data
sets where the values have been arranged in ascending or descending order. The natural time

order for the data is generally used with the XmR test. However, if the natural time order is
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unknown, any arbitrary ordering may be used as long as it does not depend upon the values
themselves.

So, the baseline portion of an XmR chart is not only easier to use than Peirce’s test,
Chauvenet’s test, or the IQR test, but it also outperforms them. The XmR chart simply does a
better job of striking a balance between the twin errors of missing a signal and getting a false
alarm. The baseline portion of an XmR chart provides a test for outliers that allows you to have
confidence in the results. If you want simplicity with superior performance, the XmR chart may
be all you need.

IMPOSSIBLE TESTS

Peirce’s test and Chauvenet’s test use the global standard deviation statistic. As we learn
from Shiffler [11] the computation of this statistic imposes an upper bound on the size of a

standardized observation from a set of n data:

| Observation — Average | n-1
Standard Deviation -

For n = 3 this maximum value is 1.1547. This means that when #n = 3 no data point can ever

fall outside the interval:
Average + 1.1547 Standard Deviations

Peirce’s criterion has a cut-off for n = 3 of R(3,1) = 1.196. Since this value exceeds the
maximum value of 1.1547, Peirce’s test for n = 3 will never find an outlier! Peirce’s criterion simply
does not work for n = 3.

Chauvenet’s criterion has a cut-off for n = 3 of z(3) = 1.383 which also exceeds the maximum
of 1.1547. In addition, Chauvenet’s cut-off for n = 4 of z(4) = 1.534 exceeds the maximum value
for n =4 of 1.500. Thus, Chauvenet’s test can never detect an outlier when n = 3 or n = 4! Chauvenet’s
criterion simply does not work for either n =3 or n = 4.

So, while you may find tables that list critical values for these tests for n = 3 and n = 4, these
critical values are purely theoretical values that cannot ever be attained in practice.

In addition, there is the problem of chunky data to be considered. Before Peirce’s test will
work as advertised with n = 4 the standard deviation statistic will need to be greater than 17
times the measurement increment present in the data. Before Chauvenet’s test will work as
advertised with n = 5 the standard deviation statistic will need to be greater than 14 times the
measurement increment present in the data. And in order for the XmR test to work as intended
the average moving range will need to be larger than 0.9 times the measurement increment
present in the data. These restrictions will be explained in Part Two.

SUMMARY

Peirce’s criterion is so focused on finding outliers that, when k > 1, everything begins to look
like an outlier. And when k =1 the excessive overall alpha levels undermine the likelihood that a
point identified as an outlier is actually an outlier. If you are looking for an explanation for the
outliers this wastes time and effort, and if you are deleting the outliers this results in the deletion
of good data. Anyone who seriously suggests using Peirce’s criterion must be classified as
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statistically naive. Peirce’s criterion is an inferior technique with serious problems in practice.

Chauvenet’s criterion is only slightly more conservative than Peirce’s criterion for k = 1. It
suffers from the same problems. It does a very poor job of separating the interesting outliers
from the non-outliers. Again, while this test is being used today, it should not be. It has nothing to
recommend it except the window dressing of apparent mathematical rigor.

The IQR test avoids the tables of scaling constants by using fixed-width limits. However this
simplicity is offset by the inherent uncertainty in the quartile statistics. The result being a test
that in practice performs very much like both Peirce’s test and Chauvenet’s test.

Using the baseline portion of an XmR chart offers the simplicity of fixed-width limits
combined with efficient measures of location and dispersion. The within-subgroup variation is
more robust to the presence of outliers than the global standard deviation, resulting in a better
separation between the potential outliers and the routine variation. With smaller overall alpha-
levels, and with better PPV values, this test outperforms the other tests given here by a wide
margin.

Part two will consider some tests for outliers that hold the overall alpha level constant.

WHY WE USE THE NORMAL DISTRIBUTION

When developing an outlier test we use the normal distribution as our model for a data set
with no outliers. We do this because the normal distribution is the distribution with maximum
entropy. This means that the outer 10% of a normal distribution is further away from the average than
the outer 10% of any other probability model [12] [13]. So if we have a test that will effectively
separate the outer 10% of a normal distribution from outliers, then we will have a test that can be
expected to work reasonably well with virtually every other probability model where the central
90% of the data are more closely clustered about the average.

POSTSCRIPT ON FINDING PPV VALUES

The PPV curves were computed using the neutral a priori assumption of a 50% likelihood for
an outlier. The power curves for each test criterion for n = 5 (1) 20 (5) 45 were combined with the
a priori values to compute PPV values using outliers ranging in size from 3 sigma to 6 sigma.
Next these specific PPV values were averaged for each n to obtain the PPV values used to
produce the curves.
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