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When Are Instruments Equivalent? Part Two

Do the instruments have the same amount of measurement error?

Donald J. Wheeler and James Beagle III

Last month we provided an operational definition of when measurement systems are
equivalent in terms of bias.  Here we will look at comparing the within instrument measurement
error between two or more systems.

Once again we must emphasize that it makes no sense to seek to compare measurement
systems that do not display a reasonable degree of consistency.  Consistency must be
demonstrated, it cannot be assumed, and a consistency chart is the simplest way to do this.
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Figure 1:  Consistency Charts for Instruments 1, 2, 3, & 4

So once more we begin with consistency charts.  Figure 1 shows the data and consistency
charts for instrument Nos. 1, 2, 3, and 4.  Figure 2 shows the data and consistency charts for
instrument Nos. 5, 6, 7, and 8.  Each of these eight instruments was used to measure the same
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standard ten times.  None of these charts show any evidence of inconsistency.  But the question of
whether these eight instruments are equivalent remains unanswered.  Here we shall begin with
the question of whether they all show equivalent amounts of measurement error.
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Figure 2:  Consistency Charts for Instruments 5, 6, 7, & 8

CHECKING  FOR  EQUIVALENCY  OF  MEASUREMENT  ERROR

The moving ranges in Figures 1 and 2 represent measurement error.  The average moving
ranges for these eight instruments are, respectively, 0.289, 0.244, 0.400, 0.433, 0.322, 0.411, 0.444,
and 0.833.  To test if these average moving ranges are equivalent we shall use the Analysis of
Mean Moving Ranges, ANOMmR (pronounced a-nom-m-r).

The ANOMmR chart compares m average moving ranges where each average moving range
is based upon (k–1) two-point moving ranges.  That is, each average moving range comes from an
XmR chart that has a baseline of k original data.

The central line of an ANOMmR chart is the grand average of the m average moving ranges.
For the eight XmR charts in Figures 1 and 2 the grand average moving range is 0.4222.

The upper and lower detection limits of an ANOMmR chart are found by multiplying the
grand average moving range by scaling factors.  These ANOMmR scaling factors will depend
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upon your choice for the risk of a false alarm (the alpha level), the number of average moving
ranges being compared (denoted here by m), and the number of original X values in each of the
XmR charts (denoted here by k).  Tables of these scaling factors are given at the end of this article.

For this example we are comparing the average moving ranges from m = 8 different XmR

charts, each of which is based upon k = 10 original values.  We choose to use an alpha-level of five
percent because this is the traditional, default alpha level for a one-time analysis.  From the tables
we find our scaling factor for the upper ANOMmR detection limit is UL = 1.871, and the scaling
factor for the lower ANOMmR detection limit is LL = 0.375.  With our grand average moving
range value of 0.4222 we find:

Upper Detection Limit  =  1.871 * 0.4222  =  0.790
Grand Average Moving Range  =  0.4222

Lower Detection Limit  =  0.375 * 0.4222  =  0.158
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Figure 3:  5% Analysis of Mean Moving Ranges

Figure 3 shows that instrument No. 8 has a detectably different amount of measurement error
than the other seven instruments.  (This was not immediately apparent in Figure 2 simply
because, like charts produced by most software, all of these charts were scaled so that the graph
fit into a fixed size format, rather than using a fixed scale for all the graphs.  Thus, the chart for
instrument No. 8 with limits 4.4 units apart [1.8 to 6.2] is shown the same size as the chart for
instrument No. 2 with limits only 1.5 units apart [3.6 to 4.9]).

Now that we know instrument No. 8 has a different amount of measurement error we must
characterize it separately from the others.  Instrument No. 8 has an average of 4.01 units, and an
average moving range of 0.8333 units.  Dividing the average moving range by d2 = 1.128 gives an
estimate of SD(E) of 0.74 units, and multiplying this by 0.675 results in a probable error of 0.50
units.  So while instrument No. 8 records values to a tenth of a unit, the values are only good to
about one-half unit.  Half the time they will err by one-half unit or more, and half the time they
will err by one-half unit or less.

In contrast to what we see with instrument No. 8, the remaining seven instruments appear to
have equivalent average moving ranges.  So, we can combine these seven values to obtain a new
grand average moving range of 0.3635 units.  This translates into a common estimate of
measurement error for the remaining seven instruments of SD(E) = 0.3222 units, and a common
probable error of 0.22 units.  Thus, instruments No. 1 through No. 7 give values with a precision
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that will err by less than one-quarter unit at least half the time.
So, by using ANOMmR we can separate these eight instruments into seven that have

equivalent amounts of measurement error and one that has roughly twice as much measurement
error.

CHECKING  FOR  BIAS  BETWEEN  INSTRUMENTS  WITH  ANOM

To check for bias effects between the seven instruments having equivalent amounts of
measurement error we proceed as described last month in part one.  The XmR charts of Figures 1
and 2 show that these measurement systems are consistent, and this consistency justifies
reorganizing the data from the seven XmR charts into k = 7 subgroups of size n = 10 and using
ANOM to check for detectable biases between instruments.  (Instrument No. 8 was not included
in this analysis because we already know it is in a league of its own.)  See Figure 4 for this
reorganization of the data.  (While k denoted the number of original values in an XmR chart
above, here the symbol k is used to represent the number of subgroups.  The authors apologize
for using the symbol k for two different things, but this is all part of the standard notation for
these techniques.)

Inst. # 1 # 2 # 3 # 4 # 5 # 6 # 7
3.3 4.2 3.8 4.4 4.2 4.4 4.5
3.8 4.3 3.5 3.4 4.4 3.5 3.6
4.2 4.1 4.5 3.7 4.3 4.3 4.2
3.7 4.7 3.6 4.2 4.1 3.9 3.5
3.6 4.6 4.2 4.1 4.0 3.6 3.8
3.4 4.6 4.1 4.8 4.5 3.9 4.2
3.5 4.6 4.1 4.4 4.1 4.3 3.7
3.6 3.7 3.7 3.9 4.4 4.1 3.9
4.0 3.8 4.0 3.7 4.9 4.3 3.7
3.7 4.0 4.0 3.9 4.3 4.1 3.9

Avg. 3.68 4.26 3.95 4.05 4.32 4.04 3.90
Range 0.9 1.0 1.0 1.4 0.9 0.9 1.0

Figure 4:  Seven Subgroups of Size Ten.

For the seven instruments shown in Figure 4, the grand average is 4.029, and the average of
the seven subgroup ranges is 1.014 units.

According to the formulas given in Figure 7 of Part One, an unbiased estimate of the standard
deviation of the k = 7 subgroup averages in Figure 4 is:

Unbiased Est. SD(Averages)   =  √ k–1
n k      

Average Range
 d2     =   0.2928  

1.014
3.078   =   0.0964

And this estimate has approximately 55 degrees of freedom.

Degrees of Freedom  ≈  0.88 k (n-1)  =  0.88 * 7 * 9  ≈  55 d.f.

ANOM detection limits have the form

Grand Average  ±  Hα [ Unbiased Est SD(Averages) ]

Where the ANOM scaling factor H may be found in the tables in Part One.  We shall use the
traditional alpha level for one-time analyses of five percent.  We are comparing k = 7 averages,
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and our estimate of dispersion has about 55 degrees of freedom.  Rounding this down to the
tabled value of 40 degrees of freedom, with k = 7 and alpha = 0.05, we find our ANOM scaling
factor to be 2.791.  So our ANOM detection limits are:

Grand Average  ±  Hα [ Unbiased Est SD(Averages) ]
= 4.029  ±  2.791 (0.0964)   =   3.759  to  4.298
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Figure 5:  ANOM for Instrument Bias Effects

Here we find instruments No. 1 and No. 5 with a detectable bias while instrument No. 2
comes close to being detectably different from the grand average of all seven instruments.

RECENTERING  THE  LIMITS

Figure 5 compares each subgroup average with the grand average.  But when detectable
differences are present the grand average is the average of unlike things.  This makes the grand
average a rather arbitrary point for comparison.  A more meaningful reference point in this case
would be the average of instruments No. 3, No. 4, No. 6, and No. 7, which is 3.985.  If we shift the
ANOM limits to be centered on 3.985 we get:

3.985  ±  2.791 (0.0964)   =   3.716  to  4.254
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Figure 6:  ANOM for Instrument Bias Effects with Shifted Central Line

Now we can logically separate our eight instruments into four groups.  The first group
consists of instruments No. 3, No. 4, No. 6, and No. 7 which  are fully equivalent to each other:
Figure 6 shows that they have no detectable bias relative to each other and Figure 3 shows that
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they all have equivalent amounts of measurement error.
The second group consists of instruments No. 2 and No. 5. These two instruments are biased

relative to the first group even though they have the same amount of measurement error.
Instrument No. 2 has a relative bias of 0.275 units compared to the first group, while instrument
No. 5 has a relative bias of 0.335 units.  In part one we learned that bias effects smaller than 1.128
SD(E) are too small to make a difference in practice.  Here the common estimate of SD(E) is 0.3222
units, so biases smaller than 0.36 units are negligible in practice.   If we only had the first and
second groups of instruments, they could be used together with little impact upon the quality of
the readings.

While recalibration to remove detectable biases is desirable, recalibration can become difficult
as the bias gets smaller than the measurement error.   However, artificial adjustments of the
readings are still possible.  The readings from instruments No. 2 and No. 5 could be adjusted
down by 0.3 units if complete parity with group one is desirable.

The third group consists of instrument No. 1 alone.  While it has the same amount of
measurement error as the instruments in the first two groups, it, is biased by –0.305 units relative
to the first group.  Once again recalibration is desirable, but may prove difficult.  If recalibration
is not feasible, and complete parity is desired between instrument No. 1 and the first two groups,
we could adjust readings from instrument No. 1 by simply adding 0.3 units.

Instrument No. 1 is biased relative to instrument No. 2 by 0.58 units or 1.80 SD(E), and it is
biased relative to instrument No. 5 by 0.64 units or 1.98 SD(E).  These biases are large enough that
it is impractical to treat the raw readings from instrument No. 1 as equivalent in practice to raw
readings from Instrument No. 2 or No. 5.  However, if it is reasonable to adjust the readings from
instruments No. 1, No. 2, and No. 5 as described above, all seven instruments in Figure 6 will
produce values that can be considered to be fully equivalent in practice.

The fourth group consists of instrument No. 8 which has twice the measurement error of the
other seven instruments.  With an average of 4.01, Instrument No. 8 would fall well within the
limits in Figure 6, so we conclude that instrument No. 8 shows no real bias relative to the first
group.

BIAS  RELATIVE  TO  A  KNOWN  STANDARD

All bias is relative.  We have already identified the biases of these seven instruments relative
to each other, and have identified the appropriate adjustments to be made to the readings for
three instruments.  Since this study was carried out with a known standard that had an accepted
value of 4.00, we can also talk about the bias of these seven instruments relative to the master
measurement method represented by the known standard.  The simplest way to do this is to re-
center the ANOM at the accepted value for the known standard.   Thus, our limits for instrument
Nos. 1 through 7 become:

Accepted Value  ±  Hα  [Unbiased Est. SD(Averages)]
=   4.000  ±  2.791  [0.0964]   =   3.731  to 4.269

When we include the adjustments suggested earlier for instruments No. 1, No. 2, and No. 5, we
end up with Figure 7.
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Figure 7:  ANOM Centered on Accepted Value of Known Standard

Thus, while these seven instruments can all be made to operate without any detectable bias
relative to the master measurement method represented by the known standard.

So, by using ANOMmR and ANOM we have characterized our eight instruments, we know
how to make instrument Nos. 1 through 7 equivalent, and we know that instrument No. 8 has
twice as much measurement error as the other seven.  We know how these instruments work
relative to the master measurement method, and we have simple graphs to use in communicating
these findings to others.

ANOMmR  FOR  THE  EXAMPLE  FROM  PART  ONE

In part one we had three instruments, A, B, and C.  By informally comparing the average
moving ranges it was said that these three instruments appeared to have equivalent amounts of
measurement error.  Here we shall use ANOMmR to examine this idea.  The consistency charts
for these three instruments had k = 30 data each, and the average moving ranges were,
respectively, 4.17 units, 3.50 units, and 3.93 units.

The grand average moving range is 3.867.  With k = 30, and m = 3, and with a traditional
alpha level of five percent, we find ANOMmR scaling factors of LL = 0.685 and UL = 1.337.

Upper ANOMmR Detection Limit  =  1.337 * 3.867  = 5.17
Grand Average Moving Range  =  3.867

Lower ANOMmR Detection Limit  =  0.685 * 3.867  = 2.65
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Figure 8: ANOMmR for the Three Instruments in Part One
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Since all three average moving ranges fall within these limits we find that there is no
detectable difference in measurement error between these three instruments.

SUMMARY

When comparing m different situations using XmR charts for each situation we often want to
know if the different situations all have the same amount of variation.  The ANOMmR approach
given here allows an easy way to answer this question and communicate the result to others
using a simple, understandable graph.

In Part Three we shall look at comparing instruments using multiple standards.

ABOUT  THE  TABLES  FOR  ANOMmR

The following tables define scaling factors to use when comparing m average moving ranges,
each of which comes from an XmR chart for k individual values.  Here each average moving
range will be based on (k–1) two-point moving ranges, and the average of the m average moving
ranges will be the grand average moving range.   The tabled scaling factors were found by
simulation studies starting with 20 million observations from a standard normal distribution.
These values were partitioned into sets of k values and the (k–1) moving ranges were found.  Next
the average moving range for each set of k values was found.

For a given value of k, these average moving ranges were then organized into groups of size
m, and for each group the minimum and the maximum were each divided by the average for that
group.  When these two ratios were computed for 10,000 groups for a given combination of m
and k, each of the ratios were then organized into a histogram and the appropriate percentiles
were found.  For the ratios of minimum average moving range to grand average moving range
the 0.005, 0.025, and 0.050 percentiles were found and used to define the LL scaling factors.  For
the ratios of maximum average moving range to grand average moving range the 0.950, 0.975,
and 0.995 percentiles were found and used to define the UL scaling factors.  Finally, the
percentiles from two or more such histograms were averaged together to get the values given in
the table.  Based on the convergence of these percentiles the 2,016 tabled values are, by and large,
good to three decimal places.
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.10
For comparing m Average Moving Ranges,

each of which comes from an XmR chart for k original values:
Multiply the Grand Average Moving Range by the following ANOMmR scaling factors

to obtain upper and lower detection limits.
Average Moving Ranges that fall outside the detection limits

are detectably different from the Grand Average Moving Range.
Use this table for an Exploratory analysis with a ten percent overall risk of a false alarm.

0.10 ANOMmR
m=2 m=3 m=4 m=5 m=6 m=7

LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.513 1.487 0.349 1.787 0.307 1.922 0.281 2.018 0.262 2.091 0.248 2.151
k=6 0.556 1.444 0.398 1.711 0.357 1.828 0.330 1.911 0.312 1.976 0.297 2.026
k=7 0.590 1.410 0.440 1.651 0.397 1.756 0.370 1.830 0.352 1.886 0.337 1.933
k=8 0.618 1.382 0.473 1.606 0.432 1.700 0.406 1.767 0.387 1.819 0.373 1.859
k=9 0.640 1.360 0.500 1.568 0.461 1.654 0.435 1.717 0.416 1.764 0.402 1.802
k=10 0.656 1.344 0.523 1.539 0.484 1.620 0.458 1.677 0.441 1.720 0.427 1.757

k=11 0.673 1.327 0.543 1.512 0.506 1.587 0.482 1.640 0.463 1.681 0.450 1.715
k=12 0.689 1.311 0.564 1.486 0.527 1.558 0.502 1.609 0.485 1.648 0.471 1.679
k=13 0.700 1.300 0.578 1.467 0.541 1.535 0.519 1.582 0.501 1.619 0.489 1.653
k=14 0.712 1.288 0.593 1.450 0.557 1.514 0.534 1.559 0.518 1.596 0.504 1.622
k=15 0.722 1.278 0.606 1.433 0.571 1.495 0.548 1.537 0.532 1.571 0.520 1.598

k=16 0.731 1.269 0.618 1.418 0.583 1.477 0.561 1.518 0.545 1.550 0.532 1.576
k=17 0.739 1.261 0.629 1.405 0.596 1.461 0.575 1.501 0.560 1.530 0.547 1.554
k=18 0.747 1.253 0.640 1.393 0.608 1.446 0.585 1.485 0.572 1.515 0.559 1.537
k=19 0.754 1.246 0.649 1.382 0.618 1.434 0.596 1.471 0.582 1.501 0.569 1.522
k=20 0.760 1.240 0.659 1.370 0.626 1.424 0.606 1.457 0.591 1.485 0.579 1.506

k=21 0.766 1.234 0.666 1.360 0.635 1.412 0.615 1.444 0.600 1.472 0.588 1.493
k=22 0.771 1.229 0.673 1.351 0.642 1.401 0.622 1.432 0.609 1.459 0.598 1.479
k=23 0.777 1.223 0.682 1.343 0.650 1.392 0.631 1.421 0.617 1.447 0.606 1.468
k=24 0.781 1.219 0.688 1.336 0.658 1.383 0.638 1.413 0.624 1.437 0.613 1.457
k=25 0.786 1.214 0.694 1.329 0.664 1.375 0.645 1.403 0.632 1.427 0.620 1.447

k=26 0.790 1.210 0.699 1.323 0.672 1.365 0.653 1.395 0.638 1.419 0.628 1.436
k=27 0.794 1.206 0.704 1.317 0.677 1.358 0.658 1.387 0.644 1.412 0.633 1.428
k=28 0.798 1.202 0.710 1.311 0.683 1.350 0.664 1.379 0.650 1.401 0.640 1.418
k=29 0.801 1.199 0.714 1.304 0.687 1.345 0.669 1.373 0.656 1.394 0.645 1.411
k=30 0.805 1.195 0.719 1.299 0.693 1.338 0.674 1.366 0.661 1.387 0.650 1.403

k=40 0.840 1.160 0.765 1.254 0.741 1.289 0.724 1.313 0.713 1.332 0.702 1.345
k=50 0.856 1.144 0.789 1.223 0.767 1.254 0.752 1.274 0.741 1.291 0.731 1.303
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.10

0.10 ANOMmR

m=8 m=9 m=10 m=12 m=15 m=20
LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.237 2.199 0.228 2.242 0.220 2.276 0.208 2.337 0.194 2.408 0.179 2.492
k=6 0.286 2.069 0.277 2.105 0.268 2.135 0.256 2.187 0.242 2.248 0.225 2.322
k=7 0.326 1.969 0.317 2.001 0.308 2.029 0.296 2.075 0.281 2.128 0.265 2.191
k=8 0.361 1.895 0.352 1.923 0.343 1.947 0.330 1.990 0.315 2.037 0.298 2.095
k=9 0.389 1.832 0.381 1.858 0.372 1.882 0.359 1.921 0.345 1.964 0.327 2.017
k=10 0.415 1.784 0.406 1.806 0.398 1.830 0.385 1.864 0.370 1.904 0.353 1.955
k=11 0.439 1.738 0.430 1.763 0.423 1.783 0.409 1.815 0.394 1.851 0.377 1.900
k=12 0.461 1.701 0.451 1.724 0.444 1.742 0.432 1.773 0.417 1.809 0.400 1.851
k=13 0.477 1.672 0.468 1.693 0.461 1.712 0.449 1.742 0.434 1.776 0.417 1.817
k=14 0.494 1.643 0.484 1.660 0.478 1.677 0.466 1.707 0.451 1.739 0.434 1.781
k=15 0.509 1.618 0.500 1.637 0.493 1.653 0.481 1.681 0.466 1.710 0.450 1.748
k=16 0.523 1.596 0.514 1.612 0.507 1.627 0.495 1.654 0.481 1.684 0.463 1.720
k=17 0.537 1.575 0.529 1.592 0.521 1.607 0.510 1.629 0.495 1.660 0.480 1.697
k=18 0.548 1.555 0.541 1.573 0.532 1.587 0.522 1.610 0.508 1.640 0.493 1.675
k=19 0.559 1.540 0.551 1.554 0.545 1.568 0.533 1.590 0.520 1.618 0.504 1.650
k=20 0.568 1.522 0.561 1.537 0.554 1.551 0.543 1.574 0.529 1.597 0.515 1.628
k=21 0.579 1.508 0.572 1.522 0.563 1.535 0.553 1.557 0.539 1.581 0.523 1.615
k=22 0.588 1.496 0.580 1.509 0.572 1.521 0.562 1.542 0.549 1.568 0.534 1.599
k=23 0.597 1.483 0.589 1.496 0.581 1.510 0.571 1.528 0.559 1.554 0.543 1.584
k=24 0.604 1.473 0.596 1.485 0.589 1.497 0.579 1.518 0.565 1.540 0.551 1.569
k=25 0.611 1.462 0.603 1.475 0.596 1.485 0.586 1.508 0.573 1.529 0.558 1.557
k=26 0.617 1.452 0.611 1.466 0.604 1.478 0.593 1.496 0.581 1.518 0.567 1.545
k=27 0.624 1.444 0.617 1.456 0.611 1.467 0.599 1.486 0.587 1.507 0.572 1.532
k=28 0.631 1.431 0.624 1.446 0.617 1.458 0.607 1.475 0.593 1.497 0.580 1.523
k=29 0.636 1.426 0.629 1.437 0.622 1.447 0.612 1.464 0.600 1.484 0.587 1.509
k=30 0.642 1.418 0.635 1.430 0.628 1.438 0.618 1.456 0.606 1.476 0.592 1.499
k=40 0.694 1.359 0.688 1.369 0.681 1.378 0.672 1.392 0.661 1.410 0.647 1.431
k=50 0.723 1.314 0.717 1.323 0.712 1.330 0.703 1.343 0.694 1.359 0.680 1.376
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.05
For comparing m Average Moving Ranges,

each of which comes from an XmR chart for k original values:
Multiply the Grand Average Moving Range by the ANOMmR scaling factors

to obtain upper and lower detection limits.
Average Moving Ranges that fall outside the detection limits

are detectably different from the Grand Average Moving Range.
Use this table for a Traditional analysis with a five percent overall risk of a false alarm.

0.05 ANOMmR
m=2 m=3 m=4 m=5 m=6 m=7

LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.433 1.567 0.294 1.886 0.257 2.038 0.234 2.143 0.220 2.220 0.206 2.284
k=6 0.480 1.520 0.344 1.801 0.307 1.933 0.284 2.023 0.268 2.091 0.256 2.143
k=7 0.519 1.481 0.386 1.735 0.349 1.851 0.325 1.930 0.309 1.992 0.296 2.043
k=8 0.550 1.450 0.420 1.684 0.384 1.787 0.360 1.860 0.343 1.914 0.330 1.958
k=9 0.576 1.424 0.450 1.642 0.413 1.737 0.390 1.802 0.373 1.853 0.360 1.893
k=10 0.594 1.406 0.473 1.609 0.438 1.698 0.414 1.757 0.398 1.803 0.386 1.840
k=11 0.614 1.386 0.496 1.577 0.462 1.660 0.439 1.717 0.422 1.759 0.410 1.796
k=12 0.634 1.366 0.519 1.550 0.484 1.626 0.461 1.681 0.445 1.722 0.432 1.757
k=13 0.645 1.355 0.533 1.528 0.499 1.602 0.477 1.653 0.461 1.691 0.449 1.722
k=14 0.658 1.342 0.549 1.508 0.515 1.577 0.493 1.626 0.477 1.661 0.466 1.689
k=15 0.671 1.329 0.562 1.489 0.530 1.555 0.508 1.600 0.493 1.637 0.481 1.664
k=16 0.682 1.318 0.576 1.471 0.543 1.537 0.522 1.579 0.507 1.614 0.496 1.639
k=17 0.691 1.309 0.590 1.457 0.558 1.518 0.536 1.560 0.522 1.592 0.511 1.618
k=18 0.700 1.300 0.600 1.445 0.569 1.501 0.549 1.541 0.535 1.574 0.524 1.597
k=19 0.708 1.292 0.610 1.431 0.579 1.487 0.559 1.526 0.545 1.556 0.534 1.576
k=20 0.715 1.285 0.619 1.418 0.589 1.473 0.570 1.509 0.555 1.539 0.545 1.560
k=21 0.722 1.278 0.629 1.406 0.598 1.461 0.579 1.496 0.566 1.525 0.554 1.546
k=22 0.728 1.272 0.637 1.395 0.606 1.450 0.588 1.484 0.575 1.512 0.564 1.532
k=23 0.735 1.265 0.645 1.386 0.615 1.439 0.597 1.471 0.584 1.499 0.573 1.518
k=24 0.740 1.260 0.652 1.379 0.622 1.429 0.604 1.461 0.590 1.487 0.580 1.507
k=25 0.746 1.254 0.659 1.370 0.629 1.420 0.612 1.451 0.597 1.476 0.587 1.496
k=26 0.751 1.249 0.664 1.365 0.638 1.410 0.620 1.442 0.606 1.467 0.597 1.484
k=27 0.756 1.244 0.670 1.358 0.643 1.402 0.625 1.432 0.612 1.457 0.601 1.474
k=28 0.761 1.239 0.676 1.351 0.650 1.393 0.632 1.423 0.619 1.446 0.609 1.464
k=29 0.764 1.236 0.681 1.344 0.655 1.386 0.637 1.415 0.625 1.437 0.615 1.455
k=30 0.768 1.232 0.686 1.338 0.661 1.378 0.643 1.407 0.630 1.430 0.620 1.447
k=40 0.810 1.190 0.738 1.288 0.712 1.324 0.696 1.349 0.685 1.368 0.674 1.383
k=50 0.829 1.171 0.765 1.252 0.742 1.287 0.726 1.306 0.716 1.322 0.706 1.336
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.05

0.05 ANOMmR
m=8 m=9 m=10 m=12 m=15 m=20

LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.198 2.337 0.190 2.382 0.184 2.418 0.174 2.481 0.162 2.551 0.149 2.639
k=6 0.246 2.189 0.238 2.229 0.231 2.256 0.220 2.311 0.208 2.373 0.193 2.453
k=7 0.286 2.077 0.277 2.114 0.271 2.139 0.260 2.187 0.247 2.244 0.232 2.307
k=8 0.320 1.994 0.312 2.022 0.305 2.047 0.293 2.094 0.281 2.141 0.265 2.200
k=9 0.350 1.923 0.341 1.951 0.334 1.975 0.322 2.014 0.310 2.058 0.293 2.114
k=10 0.375 1.871 0.366 1.894 0.360 1.917 0.348 1.950 0.336 1.996 0.319 2.040
k=11 0.400 1.819 0.391 1.845 0.384 1.864 0.373 1.896 0.360 1.934 0.345 1.981
k=12 0.423 1.779 0.414 1.802 0.407 1.821 0.396 1.851 0.382 1.888 0.367 1.929
k=13 0.438 1.746 0.429 1.767 0.425 1.785 0.413 1.817 0.398 1.851 0.381 1.890
k=14 0.456 1.713 0.448 1.733 0.442 1.751 0.431 1.781 0.417 1.814 0.402 1.851
k=15 0.472 1.686 0.463 1.705 0.458 1.720 0.446 1.750 0.431 1.780 0.417 1.817
k=16 0.486 1.661 0.477 1.678 0.472 1.693 0.461 1.722 0.446 1.750 0.431 1.786
k=17 0.502 1.636 0.493 1.655 0.488 1.670 0.477 1.693 0.464 1.724 0.452 1.758
k=18 0.514 1.613 0.507 1.635 0.501 1.647 0.490 1.672 0.476 1.701 0.463 1.730
k=19 0.525 1.594 0.518 1.614 0.511 1.626 0.500 1.650 0.488 1.677 0.474 1.707
k=20 0.536 1.577 0.529 1.592 0.522 1.608 0.511 1.628 0.500 1.655 0.485 1.686
k=21 0.545 1.562 0.538 1.576 0.532 1.592 0.521 1.612 0.510 1.639 0.496 1.666
k=22 0.555 1.546 0.549 1.561 0.541 1.575 0.532 1.596 0.522 1.622 0.508 1.651
k=23 0.564 1.535 0.557 1.545 0.549 1.559 0.540 1.582 0.528 1.606 0.514 1.636
k=24 0.573 1.521 0.565 1.535 0.558 1.548 0.548 1.566 0.537 1.590 0.522 1.618
k=25 0.580 1.511 0.572 1.524 0.566 1.535 0.557 1.555 0.545 1.580 0.531 1.604
k=26 0.587 1.501 0.581 1.515 0.574 1.524 0.564 1.544 0.553 1.569 0.539 1.593
k=27 0.594 1.490 0.586 1.503 0.579 1.513 0.569 1.532 0.558 1.555 0.545 1.579
k=28 0.601 1.477 0.593 1.491 0.586 1.501 0.578 1.520 0.565 1.543 0.553 1.566
k=29 0.606 1.469 0.599 1.480 0.593 1.491 0.584 1.508 0.573 1.528 0.560 1.554
k=30 0.612 1.460 0.605 1.471 0.599 1.481 0.590 1.500 0.580 1.517 0.566 1.544
k=40 0.667 1.396 0.662 1.405 0.655 1.417 0.646 1.428 0.639 1.448 0.623 1.469
k=50 0.699 1.347 0.692 1.355 0.688 1.364 0.680 1.376 0.670 1.391 0.659 1.411
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.01
For comparing m Average Moving Ranges,

each of which comes from an XmR chart for k original values:
Multiply the Grand Average Moving Range by the ANOMmR scaling factors

to obtain upper and lower detection limits.
Average Moving Ranges that fall outside the detection limits

are detectably different from the Grand Average Moving Range.
Use this table for a Conservative analysis with a one percent overall risk of a false alarm.

0.01 ANOMmR
m=2 m=3 m=4 m=5 m=6 m=7

LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.296 1.704 0.198 2.083 0.173 2.274 0.158 2.399 0.146 2.497 0.139 2.575
k=6 0.349 1.651 0.248 1.981 0.220 2.144 0.202 2.252 0.189 2.336 0.182 2.400
k=7 0.393 1.607 0.289 1.905 0.261 2.045 0.242 2.136 0.230 2.214 0.220 2.260
k=8 0.429 1.571 0.326 1.839 0.295 1.965 0.278 2.058 0.265 2.119 0.255 2.167
k=9 0.459 1.541 0.356 1.790 0.326 1.903 0.306 1.989 0.293 2.041 0.283 2.088
k=10 0.480 1.520 0.380 1.750 0.350 1.853 0.332 1.928 0.317 1.979 0.305 2.016
k=11 0.505 1.495 0.406 1.712 0.374 1.812 0.357 1.880 0.343 1.925 0.332 1.968
k=12 0.527 1.473 0.429 1.677 0.399 1.772 0.381 1.831 0.367 1.876 0.358 1.914
k=13 0.543 1.457 0.446 1.651 0.414 1.736 0.397 1.804 0.383 1.837 0.375 1.877
k=14 0.559 1.441 0.463 1.623 0.434 1.707 0.414 1.769 0.403 1.805 0.393 1.843
k=15 0.573 1.427 0.478 1.601 0.449 1.679 0.432 1.737 0.417 1.772 0.409 1.804
k=16 0.587 1.413 0.494 1.581 0.466 1.656 0.446 1.711 0.433 1.742 0.422 1.775
k=17 0.600 1.400 0.509 1.565 0.482 1.636 0.462 1.687 0.449 1.726 0.440 1.745
k=18 0.611 1.389 0.522 1.543 0.495 1.615 0.475 1.665 0.464 1.700 0.453 1.722
k=19 0.622 1.378 0.533 1.529 0.507 1.598 0.486 1.646 0.473 1.679 0.466 1.701
k=20 0.629 1.371 0.542 1.514 0.513 1.579 0.500 1.619 0.486 1.657 0.477 1.671
k=21 0.638 1.362 0.554 1.500 0.525 1.567 0.511 1.604 0.499 1.638 0.488 1.654
k=22 0.647 1.353 0.566 1.488 0.536 1.549 0.522 1.592 0.510 1.618 0.499 1.638
k=23 0.654 1.346 0.574 1.476 0.546 1.536 0.529 1.573 0.518 1.606 0.506 1.624
k=24 0.662 1.338 0.582 1.465 0.554 1.524 0.537 1.562 0.525 1.590 0.514 1.606
k=25 0.669 1.331 0.590 1.457 0.562 1.513 0.547 1.550 0.534 1.582 0.521 1.595
k=26 0.675 1.325 0.595 1.452 0.571 1.503 0.555 1.537 0.543 1.566 0.534 1.586
k=27 0.682 1.318 0.601 1.441 0.578 1.493 0.561 1.527 0.550 1.551 0.540 1.574
k=28 0.688 1.312 0.609 1.434 0.584 1.480 0.568 1.515 0.557 1.540 0.548 1.559
k=29 0.693 1.307 0.617 1.426 0.593 1.473 0.575 1.503 0.564 1.530 0.555 1.547
k=30 0.698 1.302 0.623 1.418 0.598 1.465 0.581 1.495 0.571 1.521 0.560 1.537
k=40 0.750 1.250 0.678 1.355 0.655 1.395 0.639 1.425 0.629 1.442 0.617 1.465
k=50 0.776 1.224 0.712 1.313 0.688 1.347 0.673 1.371 0.665 1.390 0.657 1.403
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Analysis of Mean Moving Ranges
ANOMmR Scaling Factors

alpha = 0.01

0.01 ANOMmR
m=8 m=9 m=10 m=12 m=15 m=20

LL UL LL UL LL UL LL UL LL UL LL UL

k=5 0.133 2.634 0.126 2.678 0.122 2.728 0.115 2.791 0.107 2.871 0.098 2.958
k=6 0.175 2.450 0.168 2.490 0.163 2.524 0.155 2.588 0.145 2.653 0.134 2.730
k=7 0.213 2.309 0.207 2.344 0.201 2.375 0.193 2.429 0.184 2.487 0.174 2.543
k=8 0.247 2.211 0.241 2.243 0.237 2.265 0.228 2.316 0.218 2.369 0.207 2.423
k=9 0.276 2.122 0.269 2.154 0.264 2.180 0.254 2.223 0.244 2.268 0.233 2.329
k=10 0.299 2.049 0.293 2.079 0.287 2.104 0.279 2.144 0.270 2.195 0.257 2.232
k=11 0.326 1.996 0.319 2.025 0.312 2.042 0.303 2.074 0.294 2.115 0.283 2.171
k=12 0.349 1.944 0.341 1.967 0.338 1.988 0.327 2.021 0.317 2.057 0.303 2.108
k=13 0.366 1.896 0.358 1.928 0.354 1.946 0.345 1.970 0.336 2.020 0.322 2.045
k=14 0.385 1.866 0.375 1.889 0.371 1.905 0.362 1.927 0.350 1.966 0.341 1.997
k=15 0.400 1.826 0.393 1.849 0.388 1.868 0.380 1.885 0.370 1.924 0.356 1.964
k=16 0.417 1.791 0.407 1.818 0.404 1.837 0.393 1.859 0.384 1.890 0.373 1.925
k=17 0.435 1.771 0.426 1.784 0.421 1.801 0.409 1.829 0.398 1.864 0.390 1.882
k=18 0.446 1.747 0.436 1.758 0.433 1.778 0.423 1.799 0.411 1.836 0.401 1.853
k=19 0.457 1.725 0.453 1.738 0.444 1.751 0.433 1.773 0.423 1.801 0.408 1.831
k=20 0.471 1.700 0.463 1.707 0.455 1.724 0.451 1.749 0.437 1.775 0.427 1.804
k=21 0.485 1.679 0.476 1.687 0.469 1.706 0.460 1.727 0.451 1.752 0.445 1.783
k=22 0.494 1.661 0.488 1.667 0.481 1.688 0.473 1.709 0.463 1.735 0.451 1.757
k=23 0.502 1.648 0.494 1.656 0.487 1.673 0.479 1.695 0.469 1.717 0.458 1.740
k=24 0.509 1.630 0.501 1.642 0.496 1.657 0.488 1.678 0.480 1.701 0.469 1.724
k=25 0.517 1.616 0.510 1.629 0.505 1.644 0.496 1.667 0.487 1.689 0.474 1.706
k=26 0.528 1.604 0.520 1.614 0.516 1.625 0.508 1.645 0.496 1.667 0.483 1.693
k=27 0.534 1.584 0.527 1.603 0.520 1.615 0.512 1.636 0.501 1.658 0.487 1.684
k=28 0.540 1.573 0.537 1.585 0.531 1.596 0.522 1.620 0.510 1.638 0.496 1.660
k=29 0.548 1.563 0.542 1.578 0.537 1.587 0.529 1.607 0.518 1.628 0.507 1.655
k=30 0.554 1.553 0.547 1.564 0.542 1.576 0.536 1.598 0.524 1.616 0.512 1.644
k=40 0.613 1.473 0.608 1.485 0.599 1.491 0.596 1.505 0.589 1.523 0.575 1.545
k=50 0.651 1.414 0.646 1.424 0.639 1.430 0.633 1.446 0.625 1.456 0.615 1.478


