Quality Digest, February 5, 2018 Manuscript 327

Is That Last Digit Really Significant?

You no longer need to guess

Donald J. Wheeler and James Beag]le III

Whenever we make a measurement we have to decide how many digits to record.
Traditional answers for this question are often little more than guesswork glorified by time. And
with digital read-outs, are all the displayed digits real? This paper provides a sound and
practical answer to these perennial questions.

There are two uncertainties that affect every measurement. These uncertainties are the
round-off and measurement error. The round-off has to do with the uncertainty introduced by
the choice of measurement increment. Measurement error is the inherent uncertainty introduced
by the measurement system itself. To understand the impact of each of these uncertainties we
begin by looking at them separately.

ROUND OFF UNCERTAINTY

Assume that the only uncertainty in our measurements is the round-off. Since we only
record observations to a finite number of decimal places, there will only be a finite number of
possible values for our measurements. These possible values will always end up being some
integer multiple of the measurement increment (MI). If we denote our observed value as X, then
X will be some multiple of ML

Possible Values for Measurements X Measurement Increment

IR 2 2 20 2R N i 2 2

Continuum of Possible Values for Product Values P

Figure 1: Round-Off Uncertainty

Now the product value (P) does not suffer from the constraint that it has to be some multiple
of MI. It can take on any value in the continuum along the line in Figure 1. So, when we make a
measurement, our observed value will err by some amount, and the difference between X and P
will be the round-off error of that measurement, E.

All of the product values P that fall between [X — 0.5 MI] and [X + 0.5 MI] will be represented
by the value X. If we assume that these product values are all equally likely, then we have a
uniform distribution for those product values that will be represented by the observed value X.
With this uniform distribution half of the product values will fall in the interval:

[X-025MI] to [X+0.25MI]

This means that half the time the round-off error of our observed value will be less than 0.25
MI (and half the time the error of our observed value will be greater than 0.25 MI).
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Figure 2: The Error of a Measurement Due to Round-Off

Thus, 0.25 MI is the median round-off error of a measurement. The relationship between
measurement increments and the median round-off error is shown in Figure 3. Here the use of
smaller measurement increments will result in smaller median errors for our observed values,
and using more digits is always good. When round-off is the dominant source of uncertainty in a
measurement you will always want to use as many digits as possible when recording the
observed values. But round-off is not always dominant.
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Figure 3: The Median Error Due to Round-Off
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MEASUREMENT SYSTEM ERROR

As we use smaller and smaller measurement increments the uncertainty in the measurement
system itself will eventually become the dominant source of measurement error. As before, we
consider a product measurement, X, to be the sum of two parts: the product value, P, and the
measurement error, E. Further let us assume that the value for E is independent of the value for
P. Ever since 1810, when Laplace published what we call the central limit theorem, the standard
probability model for the measurement errors E has been a normal distribution. This means that
if we measured the same thing thousands of times, using very small measurement increments,

we would end up with a histogram like Figure 4.

Sigma(E)

Average

-3 -2 -1 0 1 2 3

Figure 4: Repeated Measurements of the Same Thing Do Not Yield Identical Values

Here the best estimate of the value for the thing being measured would be the average of all
the readings. The estimated standard deviation of these repeated measurements, Sigma(E),
would characterize the uncertainty due to the measurement system. Now the normal
distribution has the property that the middle fifty percent is defined by the mean plus or minus
0.675 times the standard deviation. Since the early Nineteenth Century the name given to 0.675
Sigma(E) has been the Probable Error:

Probable Error = PE = 0.675 Sigma(E)

P=Value of Item X = Measurement Obtained

|4 E = Errorof |
Y Measurement
System
25% 50% 25%
Y

H—-0.6750 u+0.6750

Figure 5: The Median Error of a Measurement Due to Measurement Uncertainty
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Half the time the observed value X will fall within the central portion of Figure 5, and half the
time it will fall in one of the tails of Figure 5. Thus, the Probable Error (PE) defines the median
error of a measurement due to uncertainty in the measurement system. Regardless of the size of
measurement increment used, a measurement will err by one probable error or more at least half
the time. If you are going to err by this amount or more half the time, it does not pay to interpret
a number more precisely than plus or minus one probable error. Thus, the probable error defines
an effective lower bound on the resolution of a measurement, and it does this regardless of how
small we make the measurement increment.

While measurement error is commonly reported using the estimated standard deviation,
Sigma(E), of the measurement system, we prefer to use the probable error, PE. We do this
because it is much easier to get people to understand that “the probable error is the median error
introduced by the measurement system” than it is to get them to understand that “Sigma(E) is the
radius of gyration for Figure 5.” Moreover, since the PE is a simple multiple of Sigma(E), they
both contain the same essential information.

COMBINING THE TWO SOURCES OF UNCERTAINTY

If we divide MI by PE we can express the measurement increment as a multiple of the
probable error. These values will define the horizontal scale for Figure 7. If we divide the
median error by PE we express the median error as a multiple of the probable error. These values
will define the vertical scale for Figure 7. The median error due to round-off alone will be always
be one-quarter of the size of the measurement increment, and this relationship creates the sloping
line in Figure 7. The median error due to measurement uncertainty alone will be equal to the
probable error. Since this is independent of the measurement increment used, it is shown in
Figure 7 as a horizontal line.

When we combine both sources of uncertainty we end up with the median error curve that is
tabled in Figure 6 and shown in Figure 7.

Measurement Median Error Measurement Median Error Measurement Median Error

Increment in Increment in Increment in

in PE Units PE Units in PE Units PE Units in PE Units PE Units
0.1 1.000 3.0 1.173 8 2.075
0.5 1.005 3.5 1.234 9 2.305
0.7 1.010 4.0 1.302 10 2.540
1.0 1.020 45 1.379 11 2.778
1.5 1.044 5.0 1.462 12 3.020
2.0 1.078 5.5 1.552 13 3.267
2.2 1.094 6.0 1.648 14 3.521
2.5 1.121 7.0 1.854 15 3.769

Figure 6: Measurement Increments and Corresponding Median Errors
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Figure 7: The Median Error of a Measurement

On the left, where measurement error is the dominant source of uncertainty, the median error
curve is nearly horizontal. As the measurement increment increases round-off begins to affect the
measurements and the uncertainty increases. On the right, as round-off becomes the dominant
source of uncertainty, the median error curve becomes asymptotic to the sloping line.

The median error curve in Figure 7 was independently obtained by each author using
simulation studies, and was later verified by direct computation.

THE UNCERTAINTY IN THE LAST DIGIT

But how does all this stack up against the traditional way of characterizing the quality of a
measurement—the uncertainty in the last digit? To answer this question consider what happens
when, for example, a measurement has an increment equal to 2.2 PE units. According to the table
in Figure 6, when the measurement increment is 2.2 PE units, the median error of a measurement
will be 1.094 times the probable error.

When we divide [1.094 PE units] by [2.2 PE units per measurement increment] we find that
the median error of these measurements will be equal to one-half measurement increment:

1.094 PE units
2.2 PE units / Meas. Increment

Median Error = 1.094 PE = = 0.50 Meas. Increments

Thus, when the measurement increment equals 2.2 PE units, the measurements will err by one-
half of a measurement increment or less at least half the time. Such measurements will be “good
to the last increment” over half the time.

Inspection of the formula above will show that in order to express the median error in

measurement increments we simply divide a value from the second column of Figure 6 by the
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corresponding value in the first column. The results of this exercise are summarized in Figure 8.
Figure 9 shows the third column of Figure 8 as a function of the first column of Figure 8.

Measurement Median Error Median Error Measurement Median Error Median Error
Increment in in Meas. Increment in in Means.
in PE Units PE Units Increments in PE Units PE Units Increments
0.105 1.000 9.53 0.222 1.001 4.51
0.118 1.000 8.48 0.285 1.002 3.51
0.133 1.000 7.52 0.401 1.003 2.50
0.154 1.001 6.50 0.673 1.009 1.50
0.182 1.001 5.50 2.19 1.093 0.50

Figure 8: Median Errors Expressed in Measurement Increments
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Figure 9: The Median Uncertainty in the Last Digit

For the usual case where the measurement increment is some power of 10, the curve in Figure
9 and the values in Figure 8 define the uncertainty in the last digit. Specifically, whenever a
measurement increment exceeds 2.2 probable errors it will err by zero digits in the last place at
least half the time.

Measurement increments that fall between 0.67 PE units and 2.2 PE units will err by one or
fewer digits in the last place at least half the time. Such values might be said to be good to within
one digit in the last place.

Measurement increments that fall between 0.40 PE units and 0.67 PE units will err by two or
fewer digits in the last place at least half the time. Such values might be said to be good to within
two digits in the last place.

Measurement increments that fall between 0.28 PE units and 0.40 PE units will err by three or
fewer digits in the last place at least half the time. Such values might be said to be good to within
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three digits in the last place.

Measurement increments that fall between 0.22 PE units and 0.28 PE units will err by four or
fewer digits in the last place at least half the time. Such values might be said to be good to within
four digits in the last place.

As the measurement increment drops from 0.22 PE units down to 0.10 PE units the median
error rapidly climbs from five increments to ten increments.

Measurement increments that are powers of ten which fall below 0.10 PE units have no useful
information in the last recorded digit, since they will err by more than 10 digits in the last place at
least half the time.

THE TWIN UNCERTAINTIES AFFECTING EVERY MEASUREMENT

In Figures 7 and 9 we have the twin uncertainties that affect all measurements. Since both
graphs have the same horizontal axis we combine the two curves to get Figure 10. There the
vertical scale on the left shows the number of measurement increments that correspond to the
median error of a measurement while the scale on the right shows the actual median error in PE

units.
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Figure 10: The Twin Uncertainties for Every Measurement

Figure 10 shows the twin uncertainties that affect every measurement. Large measurement
increments will have less uncertainty in the last digit, but they will have unnecessarily large
median errors. Very small measurement increments will have the minimum median error, but
they will be exceedingly soft in the last digit. Thus the choice of a measurement increment
requires a trade-off
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When the measurement increment falls between 0.67 PE units and 1.0 PE unit the mea-
surements will be good to within one digit in the last place and they will have a median error that
is within 2 percent of the minimum. This is the zone marked as Best in Figure 10.

The zone marked Good in Figure 10 extends from measurement increments of 0.40 PE units
up to 1.5 PE units. On the left side of this zone the measurements will be good to within two
digits in the last place and will have a median error of less than 1.009 PE. On the right side they
will be good to within one digit in the last place and will have a median error below 1.044 PE.

The zone marked Acceptable in Figure 10 extends from measurement increments of 0.22 PE
units up to 2.2 PE units. On the left side the measurements will be good to within four digits in
the last place and will have a median error of less than 1.003 PE. On the right side they will be
good to within one digit in the last place and will have a median error below 1.094 PE. Since this
zone gives us an order of magnitude to play with, it effectively defines the range of appropriately
sized measurement increments to use.

Finally, since the error of recording too many digits is less severe than that of recording too
few digits, we could classify measurements with increments in the range of 0.10 PE unit to 0.22
PE units as very soft but usable. (These measurements will err by five units or more in the last

place at least half the time, but will have a median error of 1.001 PE or less).

USING THE RIGHT NUMBER OF DIGITS

When we combine all of the information above we end up with the guidelines shown in
Figure 11. There the horizontal scales show the ranges for the size of the measurement increment
in terms of both the probable error and the standard deviation of measurement error, Sigma(E).
Depending on where your measurement increment falls, the diagram describes the dominant

uncertainty in your measurements and the appropriate course of action you should take.

P Measurement Uncertainty Dominant Round-Off Dominant
When Your When Your When Your When Your
Measurement Measurement Measurement Measurement
Increment Increment Increment Increment
Falls In This Zone Falls In This Zone Falls In This Zone Falls In This Zone
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< 1< 1< v | 7>
Smaller 0.10 Prob. Error 0.22 Prob. Error 2.20 Prob. Error . Larger
Last Digit Last Digit Round-off and POESTE
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Fewer One Digit Measurement Additional
Digit(s) (or Use As Is) Asltls Digit(s)

Figure 11: Using the Right Number of Digits
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LARGE MEASUREMENT INCREMENTS

Since the median error will increase rapidly when the measurement increment exceeds 2.2
PE units and since recording one additional digit will convert such a measurement into one that
has a measurement increment that is in the acceptable zone, you should consider adding a digit
to your recorded values whenever the measurement increment exceeds 2.2 PE units.

Whenever your Measurement Increment exceeds 2.2 Probable Errors
you need to change the Measurement Increment by recording an additional digit.

EXAMPLE ONE

Say, for example that you have measurements recorded to the hundredth of a millimeter and
that the probable error of the measurement system is PE = 0.0014 mm. Then, when we divide the
measurement increment by the probable error we discover that the measurement increment is
equal to 0.01/0.0014 = 7.1 probable errors and we are in the region where round-off is the

dominant source of uncertainty.

Measurements Measurements
recorded to nearest Add a Digit recorded to
10 microns & 1 micron &
good to last good to
digit / \ within
1 micron

A 3 AAAAAAAAAAAAAAAAAAAA
PE = 0.0014 mm PE = 0.0014 mm
MI =0.01 mm = 7.1PE MI =0.001 mm = 0.7 PE
Median Error = 0.0026 mm Median Error = 0.0014 mm

Figure 12: Example One

From Figure 6 we can compute the median error of our measurements to be approximately
1.85 PE = 0.0026 mm. From Figure 9 we see that with a measurement increment of 7 PE our
measurements will err by zero digits in the last place at least half the time. Thus, these
measurements will be good to the nearest hundredth of a millimeter, but they are not as good as
the measurement system will allow them to be.

If it was economically feasible to add one extra digit to these measurements, so that the
measurement increment would become 0.001 mm, then the measurement increment would be
equal to 0.71 probable errors. From Figure 6 the median error of a measurement would be about
1.010 PE = 0.0014 mm. From Figure 9 these measurements would be good to within one digit in
the last place at least half the time. Recording one extra digit here reduces the median error from
0.0026 mm to 0.0014 mm, effectively cutting the uncertainty in the measurements in half.
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SMALL MEASUREMENT INCREMENTS

When the measurement increment is less than 0.10 PE units the measurements will err by ten
digits or more in the last place at least half the time. Clearly this is a zone where we should drop
the last recorded digit. By doing so we will not appreciably change the precision of the
measurements.

“But I prefer to write more digits!”

Writing down random numbers does not make the measurements “more precise.” It just
makes them look better than they actually are. When we insist on using a measurement
increment that is smaller than 0.10 probable errors we are misrepresenting the precision of the
measurements to ourselves and others. Just because some extra digits show up on a digital read-
out does not make the extra digits real.

Whenever your Measurement Increment is less than 0.10 Probable Errors
you need to change the Measurement Increment

by dropping one or more digits from the values you record.

EXAMPLE TWO

Say, for example that you have a scale that records weight to the nearest microgram (MI =1
microgram). However, let us assume that repeated measurements of a standard weight show
that the standard deviation of the measurement system is Sigma(E) = 17 micrograms. Then the
probable error for these measurements is PE = 11.5 micrograms. This means that while you may
be recording weights to the nearest microgram, they are going to err by 12 micrograms or more at
least half the time, and your last recorded digit will be nothing but noise.

When we divide the measurement increment by the probable error we discover that the
measurement increment is equal to 1/11.5 = 0.087 PE. Since this is less than 0.10 PE we are in the
left hand box of Figure 11, and we need to drop a digit from our recorded values.

Last Digit Errs PE=11.5 g
By 12 ot moie TN MI=1 g = 0.087 PE
half the time Median Error = 11.5 g
Last Digit is Noise
\HH\HHHHHH\H\HHHHHHH\HHHHHHHHHHHm\HHHHHH\H\HHHHHHHHHHH
Drop a Digit PE = 11.51g
patie i SN MI=10ug = 0.87 PE
Median Error = 11.7 g
N Last Digir Within One

\ \ \
Figure 13: Example Two

By rounding our weights to the nearest 10 micrograms our measurement increment becomes
MI = 10 micrograms or 0.87 PE. Interpolating in Figure 6 we find that our median error will
increase slightly to 1.017 PE = 11.7 micrograms, and our recorded values will be good to within
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one in the last place at least half the time. Rounding these values to the nearest multiple of ten
micrograms prevents these measurements from looking better than they really are, makes the
values good to within one digit in the last place, and does not appreciably increase the

uncertainty in the measurements.

SOFT AND VERY SOFT MEASUREMENTS

Very soft measurements have an increment between 0.10 PE and 0.22 PE and will have a
median error of 5 to 10 in the last digit at least half the time. While these measurements may
occasionally be of use, our recommendation is to make the measurement increment five or ten
times larger. This will reduce the median uncertainty to one or two measurement increments
without an undue increase in the median error of a measurement.

Soft measurements have an increment between 0.22 PE and 0.40 PE and will err by 3 to 4 in
the last digit at least half the time. While these soft measurements may be used in this form,
doubling the size of the measurement increment will reduce the median uncertainty to one or

two increments without an undue increase in the median error of a measurement.

SUMMARY

Using a measurement increment that is too large will throw away useful information. Using
a measurement increment that is too small will add noise to your measurements.

With the information provided here you no longer need to guess about how many digits you
need to record. You can now determine exactly how many digits are appropriate for any
measurement system. Once you have an estimate for the standard deviation for the
measurement system you can easily obtain the probable error. Once you know the probable error
you know the effective resolution of the measurements. You can then make your own trade-offs
to determine how many digits to record, Acceptable measurement increments will fall between
0.22 probable errors and 2.2 probable errors. (In practice these cut-offs may be rounded to 0.2 PE
and 2 PE.)

0.22 PE < Measurement Increment < 2.2 PE

Moreover, since you can determine these values for your own measurement system, operated
by your own personnel, in your plant, you no longer have to depend upon the assurances of
some salesman about the precision of a measurement system. Neither are tradition and
guesswork needed. Now you have a way to know how good your measurements are, and how

many digits to record.
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