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Beware the Tukey Control Chart

Another bad idea surfaces

Donald J. Wheeler

I recently read about a technique for analyzing data called the “Tukey control chart.”  Since
Professor John Tukey is no longer with us, it appears that someone without his brilliance has
tried to adapt one of his techniques into an alternative type of control chart.  To understand the
inappropriateness of this approach read on.

John Tukey was one of the foremost statisticians of the Twentieth Century.  He created many
profound techniques for the analysis of data of every type.  So let me be clear that none of what
follows is in any way a critique of Dr. Tukey or his work.  However, when others adapt a
technique for use in a way in which it was never intended to be used, and when that adaptation
does not work as well as the standard technique, that adaptation has to be judged to be failure.
This is the case with the Tukey control chart.

THE  TRADITIONAL  CHART

The easiest way to make a comparison is to use an example.  In this case I will use 25 samples
of 50 beads drawn from a bead box containing approximately 5000 beads.  These data come from
a classroom experiment where different students took turns drawing samples of 50 beads at a
time using a paddle having 50 holes on one side.  We counted the number of yellow beads in each
sample of 50 beads, and recorded the observed counts.  The data for these 25 draws are:

11, 4, 6, 4, 5,    7, 5, 4, 7, 12,    4, 2, 4, 5, 6,    4, 2, 2, 5, 9,    5, 6, 5, 9, 8

The traditional X chart uses the average as the central line.  The average of these 25 counts is
5.64.  To complete the computations for our X chart we find the differences between the
successive values.  These 24 differences are:

7, 2, 2, 1,    2, 2, 1, 3, 5,    8, 2, 2, 1, 1,    2, 2, 0, 3, 4,    4, 1, 1, 4, 16

The average of these 24 “moving ranges” is 2.54.  To compute limits for out X chart we
multiply this average moving range by the scaling factor of 2.66, and then add and subtract this
product to and from the average count of 5.64.

Upper Natural Process Limit  =  5.64  +  2.66 (2.54)  =  12.40
Lower Natural Process Limit  =  5.64 – 2.66 (2.54)  =  –1.12

Since counts cannot be negative, this lower limit is replaced by the boundary value of zero.
Notice the simplicity of the computations.  The differences could be found without the aid of a
calculator.  We compute two averages, multiply by a constant, and perform an addition and a
subtraction.  This simplicity is intentional since these techniques were developed and used
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without the aid of computers and calculators.   The X chart for these counts is shown in Figure 1.
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Figure 1:  X Chart for Counts of Yellow Beads in 25 Samples of 50 Beads

In this case, all 25 of the counts fall within these limits, and we fail to find any evidence of a
change in the process.  This was expected since the beads were placed back in the bead box after
each draw, leaving the percentage of yellow beads unchanged during the course of this
experiment.  Drawing beads with replacement is a prototype of a predictable process.  If these
counts were not predictable, then no process could ever be expected to be predictable.  My classes
today get the same results that my classes got 30 years ago.

THE  TUKEY  CONTROL   CHART

John Tukey had nothing to do with the following technique.  As we will see the Tukey
control chart is only loosely based on an analytic technique developed by Dr. Tukey.  It uses the
median value as the central line.  To find the median of a set of numbers you will have to place
these numbers in numerical order.  To place more than a handful of numbers in numerical order
you will need to create a tally plot.  The tally plot for the 25 counts of yellow beads given earlier is
shown in Figure 2.
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Figure 2:  Tally of the Counts of Yellow Beads

Next this tally is used to place the counts in numerical order:

2, 2, 2, 4, 4,     4, 4, 4, 4, 5,     5, 5, 5, 5, 5,     6 ,6, 6, 7, 7,     8, 9, 9, 11, 12

Once we have the data arranged in order, we find the middle value of these 25 values to be
the 13th value from either end.  This median value is 5.

To characterize the variation within the data the Tukey control chart uses the “interquartile
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range” (IQR).  This is the difference between the upper quartile and the lower quartile for the
data.  Thus, we now have to find the quartiles for the data.  You do remember how to do this
don’t you?  Well, don’t worry, it is fairly easy once you have arranged the data in numerical
order.

For an odd number of data points the lower quartile is the median of the lower half of the
data, including the median.  For an even number of data points the lower quartile is the median
of the lower half of the data.  For our data set with 25 values the lower quartile will be the middle
value of the lower 13 values.  This lower quartile is the 7th value from the bottom, which is 4.

For an odd number of data points the upper quartile is the median of the upper half of the
data, including the median.  For an even number of data points the upper quartile is the median
of the upper half of the data.  For our data set with 25 values the upper quartile will be the middle
value of the upper 13 values.  This upper quartile is the 7th value from the top, which is 7.

Thus, the interquartile range is IQR  =  7 – 4  = 3.   This inner quartile range is then multiplied
by 1.5, and the product is added to the median and subtracted from the median to get the limits
for the Tukey control chart.

Median + 1.5 IQR   =   5  +  1.5 (3)  =  9.5

Median – 1.5 IQR   =   5  –  1.5 (3)  =  0.5
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Figure 3:  Tukey Control Chart for Counts of Yellow Beads in Samples of 50 Beads

In Figure 3 we find that 2 of the 25 counts fall above the upper limit.  So what do these two
points tell us?  Has a change occurred?  Did the percentage of yellow beads magically change
during the course of this experiment?  No, of course not!  These two points have to be interpreted
as false alarms, and Figure 3 illustrates one of the inherent weaknesses of this approach.  The
limits used in the Tukey control chart are much tighter than those used by the traditional X chart.
In fact, they are essentially two-sigma limits.  To learn how two-sigma limits will always increase
the false alarm rate, see my article “Contra Two Sigma”  Quality Digest Daily, May 1, 2013.

The data used in Figures 1 and 3 are just the first 25 counts out of a set of 200 such counts all
drawn from the same bead box in the same manner, with replacement, using the same paddle.
Such data are, by definition, predictable and unchanging.  Figure 4 shows the full set of 200
counts as eight X charts where the limits shown are computed from each set of 25 counts.  Figure
5 shows the same 200 counts on Tukey control charts.

While the traditional X charts do have one false alarm out of 200 points, the Tukey control
charts have 22 false alarms out of 200 points.  While we might have expected the approximate
two-sigma limits of the Tukey control charts to yield about 5% false alarms, the uncertainty in the
computations increased the false alarm rate up to 11% in this instance.
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Figure 4:  Traditional X Charts for Eight Sets of  25 Counts of Yellow Beads
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Figure 5:  Tukey Control Charts for Eight Sets of  25 Counts of Yellow Beads

Thus, the computations for the Tukey control chart involve (1) the ranking of the data, (2) the
finding of a median, and (3) the finding of the quartiles of the data, before you can begin to
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compute your limits.  This use of unfamiliar statistics along with the need to rank the data
immediately make this approach more trouble than the traditional XmR Chart.  Secondly, the use
of what are effectively two-sigma limits will inevitably result in a large number of false alarms.
The third problem with this technique is its use of inefficient summaries of location and
dispersion.  The median is inherently more uncertain than the average.  This is why it is only
used as a back-up measure of location with the traditional X chart.  In addition, the interquartile
range is much more uncertain as a measure of dispersion than is the average moving range.

In my forty-three years of teaching data analysis techniques I have found people generally
have a harder time finding a median than they do in finding an average.  And when you ask
them to find the quartiles they tend to give you that “you’ve got to be kidding” look.  So while
the final steps in computing the limits are easy, the preparations for these final steps is much
more complex with the Tukey control chart than with the X chart.

However, the final problem with the Tukey control chart is the fact that it uses the wrong
formula.

TUKEY’S  FENCES

Many years ago John Tukey suggested a simple way to get an intuitive feel for a finite data
set.  He would begin by arranging the data in numerical order.  Next he would find the median
value and the hinge values (also known as the quartiles).  He would then summarize the data
using a five number summary consisting of the minimum, the lower quartile, the median, the
upper quartile, and the maximum.  This quick summary is often shown graphically in what is
commonly known as a box-and-whiskers plot although Tukey preferred the tally plot or Stem-
and-Leaf Plot rather than the sterile box-and-whiskers plot.  Compare these in Figure 6 and you
will see why.
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Figure 6:  Tally Plot and Box and Whiskers Plot for Data Set A.

Then, as a refinement on this simple five value numerical summary, Tukey used the quartiles
to define “fences” and values that fell outside the inner fences were considered to be “out” while
values outside the outer fences were “far out.”  The difference between the quartiles, known as
the interquartile range or IQR was used to compute the fences.  The inner fences were 1.5 times
the IQR outside the quartiles.  That is, the upper inner fence is the upper quartile (UQ) plus 1.5
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times the IQR while the lower inner fence is the lower quartile (LQ) minus 1.5 times the IQR:

Upper Inner Fence  =   UQ  + 1.5 IQR

Lower Inner Fence  =  LQ – 1.5 IQR

Using the generic worst-case normal probability model the IQR will be approximately 1.35
standard deviations and so these inner fences will approximate the mean plus or minus 2.67
standard deviations.  In terms of the analysis of a finite data set, which is the context Tukey was
addressing, 2.67 sigma limits will be reasonably conservative for up to 50 or 60 data.  (For Data
Set A shown in Figure 6 the observed count of 12 will be “out.”)  However, in terms of a
sequential analysis procedure such as a control chart, experience has shown that we need wider
limits in order to have an appropriately conservative procedure.

Finally, as estimates go, Tukey’s fences will have a lot of uncertainty because the quartiles are
less stable than the median, and both the medians and quartiles are much less reliable than the
average and average moving range.  The point to remember is that Tukey was not using them as
estimates as much as he was using them to isolate unusual values within a finite data set.

SUMMARY

So while there is a superficial resemblance between John Tukey’s inner fences and the limits
of the Tukey control chart the authors of the latter completely messed up the computations while
they misapplied a one-time analysis technique to a sequential analysis problem.  While we might
redefine the computations for the Tukey control chart to actually match Tukey’s inner fences, this
would not remedy the complexity of the computations or the inherent weakness of the statistics
used.

Alternately, even if we changed the formula for the Tukey control chart from [ Median ± 1.5
IQR ] to [ Median ± 2.25 IQR ] in order to approximate the three-sigma limits, the Tukey control
chart would still not work as well as the XmR chart due to the inefficiency of the IQR as a
measure of dispersion.

So, while John Tukey has a well-earned reputation as a brilliant statistician, the creators of the
so-called Tukey control chart did not understand what Tukey was doing with his inner fences.
They got the formula wrong, and their “simplified” computations are actually more complex and
less efficient than those of the proven XmR chart.  All of which make the Tukey control chart a
technique to be avoided.
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