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Working with Rare Events

What happens when the average count gets very small?

Donald J. Wheeler

From the perspective of data analysis rare events are problematic.  Until we have an event
there is nothing to count, and as a result many of our time periods will end up with zero counts.
Since zero counts contain no real information, we need to consider alternatives to counting the
rare events.   This article will consider simple and complex ways of working with rare events.

Our first example will involve spills at a chemical plant.  While spills are not desirable, and
while everything possible is done to prevent them, they do occasionally happen.  Over the past
few years one plant has averaged one spill every eight months.  Of course, if the plant averages
one spill every eight months, then those months with a spill will be 700 percent above average!

(When dealing with small counts a one unit change can result in a huge percentage difference.)
Assuming that these counts are reasonably modeled by a Poisson distribution we could put these
counts on a c-chart.  The central line for this c-chart would be the average count.  During the first
four years there were a total of six spills.  Six spills in 48 months gives an average of 0.125 spills
per month.

For a c-chart the upper limit is found by multiplying the square root of the average count by
3.0 and adding the result to the central line.  This gives the upper limit of 1.186 shown on the c-
chart in Figure 1.
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Figure 1:  The Number of Spills per Month on a c-Chart

 In spite of the fact that a single spill is 700 percent above the average, the c-chart does not
show any points outside the limits.  Here it would take two spills in a single month to make this
chart signal a change. (Only 1500 percent above average!)  So, while the use of a c-chart might be
justified with these counts, it is of little practical use because it is so insensitive.

What about using an XmR chart with these counts as I suggested last month?  Using the first
four years as our baseline the moving range chart would have an upper limit of 0.83 and the X
chart would have an upper limit of 0.80.  This makes every month with a spill into a signal of a
change in the system!  Clearly this is not a reasonable interpretation of these data.  The problem is
that this XmR chart suffers from the problem of chunky data.  (Chunky data can occur with any
type of data.  Count data tend to be chunky whenever the average count falls below 1.00.
Chunky data will artificially tighten the limits of a process behavior chart and will result in an
excess of false alarms.  More about the problem of chunky data next month.)
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Thus, with counts of rare events the specialty charts become insensitive and the XmR chart
breaks down.  This is not a problem with the charts, but rather a problem with the data
themselves.  Counts of rare events are inherently insensitive and weak.  No matter how these
counts are analyzed there is nothing to discover by placing the counts on a chart of any type.  Yet
there are other ways to characterize rare events.  Instead of counting the number of spills each
month (counting events), you could instead measure the number of days between the spills
(measure the area of opportunity between the rare events).  For these data the time intervals
between the spills are computed as follows.

Dates of Spills

Date of Spill 2/23/01 1/11/02 9/15/02 7/6/03 2/19/04 9/29/04 3/20/05 7/13/05
Day of Year 54 11 258 188 50 272 79 194
Days Between Spills 322 247 295 227 222 172 115

Figure 2:  Determining the Time Between Spills

One spill in 322 days converts into a spill rate of 0.0031 spills per day.  Multiplying this daily
spill rate by 365 gives us a yearly spill rate of 1.13 spills per year.  Thus, the interval between the
first spill and the second spill is equivalent to having spills at the rate of 1.13 spills per year.  In
the same way the interval of 247 days between the second and third spills is converted into a spill
rate of 1.48 spills per year.  Continuing in this manner, every time we have an event we obtain an
instantaneous spill rate.

Instantaneous Spill Rates

Days Between Spills 322 247 295 227 222
Spills per Day 0.0031 0.0040 0.0034 0.0044 0.0045
Spills per Year X 1.13 1.48 1.24 1.61 1.64
Moving Ranges mR 0.35 0.24 0.37 0.03

Figure 3:  Instantaneous Spill Rates and Moving Ranges

0.76

2.08

1.42

0.81
0.2475

0.0

1.0

2.0

0.0

1.0

mR

Sp
ill

 R
at

e 
 ( 

X 
)

Figure 4:  XmR Chart for Spill Rates

The average spill rate during the first four years is 1.42 spills per year.  The average moving
range is 0.2475.  Multiplying this latter value by 2.66 and adding and subtracting the result to and
from the 1.42 we get the X chart limits shown in Figure 4.  The upper range limit is found by
multiplying the average moving range by 3.27.  While the use of five values to create an XmR

chart is minimal, it took four years to get these five values!
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If a future point falls above the upper limit it will mean that the spill rate is increasing.  A
future point below the lower limit will mean that the spill rate is decreasing.  Points within the
limits will be interpreted as meaning that there has been no change in the overall spill rate.

The two spills in the current year had intervals of 172 days and 115 days respectively.  These
intervals convert into spill rates of 2.12 spills per year and 3.17 spills per year.  When these values
are added to the XmR Chart the result is Figure 5.
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Figure 5:  Complete XmR Chart for Spill Rates

While the first spill in the current year is outside the limit, it is barely outside.  Given the
softness of limits based on five values, we might be slow to interpret the sixth point as a clear
signal of a change.   However, the seventh point is far enough outside the limits to be safely
interpreted as a definite signal—there has been an increase in the spill rate during the current
year.  If we return to Figure 1 we can see that the spills are getting closer together, but we cannot
detect this change until we shift from counting the rare events to measuring the area of
opportunity between events.

Notice that while both Figure 1 and Figure 5 are looking at spill rates, there has been a change
in the variable between Figure 1 and Figure 5.  In Figure 1 the variable was the number of spills
per month.  Here the numerator was allowed to vary (the number of spills) while the
denominator was held constant (one month).  In Figure 5 we have instantaneous spill rates where
the numerator is held constant (one spill) and the denominator is allowed to vary (days between
spills).
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Figure 6:  XmR Chart for Days Between Spills
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Instead of using the instantaneous spill rates, Figure 6 uses the number of days between spills
to create an XmR chart.  While this is feasible, this chart suffers from being the chart of an inverse
measure.  As the spills become more frequent the points in Figure 6 move downward.  This
simple inversion creates a cognitive dissonance for those who have to interpret this chart.  While
this is not an insurmountable obstacle, it is still a hurdle that is unnecessary here.  The
instantaneous spill rates of Figure 5 are easier to use and easier to interpret than the number of
days between spills in Figure 6.

In addition to being an inverse measure, the time between events results in a chart that is less
sensitive than the chart for the instantaneous spill rates.  Figure 5 will detect an increased spill
rate whenever that rate exceeds 2.08 spills per year.  The lower limit of Figure 6 corresponds to a
spill rate of 2.76 spills per year.  Given that these are techniques for rare events and that we want
to detect any increase in the spill rate in as timely a manner as possible, this lower sensitivity of
Figure 6 is undesirable.

While the chart for the instantaneous rates will generally be the preferred chart, there is one
situation where the chart for the times between events is useful.  This is when the lower limit of
Figure 5 goes below zero.  When this happens the instantaneous rate chart will no longer show
improvements.  If you are involved in taking action to reduce the rate of the rare events, so that
detecting improvements is important, then you may need to resort to charting both the
instantaneous rates and the time between events.  The chart for instantaneous rates will allow
you to detect increases in the rate of rare events, while the chart for the time between events will
allow you to detect decreases in the rate as points above the upper limit.  This will be illustrated
by the next example.

Figure 7 contains the number of consecutive cases between post-operative sternal wound
infections in one cardiac care unit.  These data represent 3106 patients treated at this one facility.
With a total of 75 sternal wound infections this unit has an overall infection rate of 2.4%.  While
this summary statistic describes the past, the question of interest is whether we can use it as a
prediction of what to expect in the future.  To answer this question we will need to look at the
way the data behave over time.   Figure 7 should be read in columns.

Number of Consecutive Cases Between Post-Operative Sternal Wound Infections
67 12 10 11 6 6 112 136 9 117 96 76 73 4 31
53 135 37 25 5 116 2 76 19 5 67 1 15 19 99

101 40 7 37 26 7 80 57 2 30 97 17 26 4 6
10 131 3 26 14 21 40 57 5 6 55 115 9 20 76
16 48 124 46 30 21 29 25 12 73 22 3 14 16 62

Figure 7:  Counts of Cases Between Infections for a Coronary Care Unit

The X chart for these counts is shown in Figure 8.  Here the median count is 26 (which
corresponds to an infection rate of 3.8%) and the median moving range is also equal to 26.
Multiplying the median moving range by 3.145, and adding the result to the median value of 26
results in an upper limit of 107.8.  The points above this upper limit represent eight periods
where the infection rate was detectably lower than the rate of 3.8% associated with the median
count of 26.  So while this chart detects eight periods of improved operation, these data will not
allow us to detect any increase in the infection rate of this coronary care unit.
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Figure 8:  X Chart for the Number of Cases Between Infections

In order to detect periods of increased infection rates we will need to invert the counts of
Figure 7 to obtain instantaneous infection rates.  The X chart for these rates is shown in Figure 9.
The median rate is 0.040, and the median moving range is 0.056.  Here we find seven periods
where the infection rate was detectably higher than four percent.  (The eight periods with
detectably lower infection rates from Figure 8 are also shown as circled points along the bottom
of Figure 9.)

All in all, these charts tell a story of a hospital that is not yet in control of all of the potential
sources of infection in its coronary care unit.  While their historical average infection rate has
been 2.4 percent, this 2.4 percent is not a characteristic of a predictable process, but merely the
average over periods with higher and lower infection rates.
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Figure 9:  X Chart for the Instantaneous Infection Rates

Thus, between these two charts we can identify periods of higher than average infection rates
and periods with lower than average infection rates.  Unfortunately, we can do so only after the
fact.  Because these charts do not add a point until after an event has occurred, they will always
remain essentially report card charts.

The vertical scale of Figure 9 is nonlinear on the upper end simply because there are only
certain values that occur when we invert counts smaller than 10.  This is a natural consequence of
having areas of opportunity that are counts.

In Figure 8 and Figure 9 I used the median moving range to compute the limits because the
average moving ranges were inflated by the extreme values and did not capture the routine
variation within the data.  I also used the medians as the central line in both X  charts simply
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because the averages fell at the 64th and 73rd percentiles respectively, making them poor
measures of location.

SPECIALTY  CHARTS  FOR  TIMES  BETWEEN  EVENTS

In the 1990s specialty charts for the times between events were created.  These charts are
commonly known as g-charts and t-charts.  As with the p-chart, np-chart, c-chart, and u-chart
discussed last month, these charts use a probability model to construct theoretical limits for the
times between events.  However, unlike the traditional specialty charts, the g-chart and t-chart
have an implicit assumption of global homogeneity built into the computations.  This assumption
of homogeneity is equivalent to the erroneous computation of limits for a regular process
behavior chart using the global standard deviation statistic.  (See my columns for January and
February of 2010 for more on this mistake.)

The g-chart is based on a geometric distribution, and is applied to counts like those in Figure
7, the number of items observed between items having some attribute.  The use of this probability
model once more allows the computation of a theoretical three-sigma distance directly from the
average value.  In the case of Figure 7 the average value is 41.4.  The theoretical three-sigma
distance is found by squaring the average value, subtracting the average from this squared value,
taking the square root, and multiplying by 3 to get 122.7.  When this quantity is added to the
average value we find an upper limit of 164.  The resulting g-chart is shown in Figure 10.
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Figure 10:  g-Chart for Number of Cases Between Infections

While the nature of these data preclude this chart from detecting when things get worse, the
assumption of global homogeneity makes it difficult for this chart to detect when things get
better.  So while any chart for the time between events will usually be a report-card chart, this g-
chart suffers from an inability to tell you when things are changing (compare Figure 10 with
Figure 8).

Before the counts in Figure 10 can be considered to be geometric counts, the series of cases
will need to be a series of Bernoulli events where the probability of an infection remains the same for all

of the cases in the baseline period.  In short, the computations for the limit of Figure 10 assume the
data set to be homogeneous.  (A series of n Bernoulli events will result in a binomial count only
when the probability of the counted outcomes p remains constant across the n events.  A series of
values for the numbers of Bernoulli events between counted outcomes will be a geometric
variable only when p remains the same for each of the intervals.  Thus, in order to use the
geometric probability model to obtain appropriate limits for the data in Figure 10, the probability
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of an infection must remain the same throughout the baseline period.  This assumption is
inconsistent with these data and unrealistic for the context of these data.)  Any use of a g-chart
imposes an assumption of homogeneity upon the data prior to looking for evidence of a lack of
homogeneity.  As such it is an example of the triumph of computations over common sense.  It
simply does not provide any opportunity to learn from the data.

Now before you write to tell me how your g-chart had points above the upper limit, you need
to know that the geometric distributions will have an absolute minimum of 1.8 percent false alarms
with three-sigma limits, and that some of these false alarm points will be comfortably beyond the
upper limit.  (It is interesting to note that those who want to transform data in order to avoid
having a false alarm rate of one or two percent on an XmR Chart do not make the same objection
to the g-chart.  Perhaps they are simply unaware of the properties of the techniques they are
using.)

THE t-CHART

While the g-chart was intended for those cases where the time between events is a count, the
t-chart was intended for those cases where the time between events is a measurement.  For an
example return to the first example where the spills occurred in time and the time between events
was measured in days.  The t-chart would use the times between spills (as shown in Figure 2) as
the raw data.

Now there are two different versions of the t-chart.  One version uses a probability model to
compute theoretical limits and the other version transforms the data and places the transformed
data on an XmR chart.  In both versions the initial assumption is that the rare events are
characterized by a Poisson probability model.  (This means that the likelihood of an event is
proportional to the size of the area of opportunity and that the rate of occurrence for the rare
events is constant throughout the area of opportunity.)  Next, given that the counts are Poisson,
the times between events will be modeled by an exponential distribution.  The mean value for
these exponential variables will depend upon the rate of occurrence of the Poisson events.  Both
versions of the t-chart assume that the times between events come from one and the same
exponential distribution.  (In order for all of these exponential variables to have the same mean
value the Poisson rate must remain constant across all the occurrences.)  The first version uses
this assumption of global homogeneity to create theoretical limits for the data.
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Figure 11:  Simple t-Chart for Times Between Spills
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The exponential distribution starts at zero and has a standard deviation that is equal to the
mean.  This means that there will be no lower limit, and that the upper three-sigma limit will be
equal to four times the mean value.  Thus, in constructing this version of the t-chart, the central
line will be equal to the average time between events, and the theoretical upper limit will be
equal to four times the average value.  Using the first five times between events of Figure 2 as our
baseline we get Figure 11.  Compare this with the graph in Figure 6.  The absurdity of Figure 11 is
sufficient to warn the experienced analyst that these data are not exponentially distributed and
that the theoretical approach based on the assumption of an exponential distribution is incorrect.

The second version of the t-chart still assumes that all of the times between events in the
baseline period come from a single exponential distribution, but this version transforms the data
prior to placing them on a chart.  Since exponential random variables can be converted into
Weibull random variables by a power transformation, and since a Weibull distribution with
parameter 3.6 has zero skewness, the times between events are all raised to the 1/3.6  = 0.27778
power in order to remove the assumed skewness from the data.  Then these transformed values
are placed on an XmR chart.

Days Between Spills Converted Into Unknown Quantities

Date of Spill 2/23/01 1/11/02 9/15/02 7/6/03 2/19/04 9/29/04 3/20/05 7/13/05
Day of Year 54 11 258 188 50 272 79 194
Days Between Spills 322 247 295 227 222 172 115
Raised to 0.27778 Power 4.973 4.620 4.854 4.513 4.485 4.178 3.736
mR values 0.353 0.234 0.341 0.028

Figure 12:  How Your Data Can Become Lost in Probability Space

As before we use the first five intervals as our baseline and place the transformed intervals on
an X chart.  The average is 4.689 and the average moving range is 0.239.  This gives the chart and
limits shown in Figure 13.  The limits here are substantially different from Figure 11 because
these limits are empirical limits computed from the transformed data, rather than being
theoretical limits computed for an assumed probability model.
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Figure 13:  Complex t-Chart for Transformed Times Between Spills

As in Figure 6 the last point in Figure 13 falls below the lower limit signifying an increase in
the spill rate.  However, unlike either Figure 5 or Figure 6, the chart in Figure 13 assumes that the
rate of occurrence for the spills is constant over the whole baseline period.  While this may be
reasonable for these data, it will not always be so.  This assumption of a constant rate is
particularly troublesome when we are using these report chart charts to evaluate improvement



Working with Rare Events Donald J. Wheeler

9

efforts that will hopefully change the rate of occurrence for the rare events.  (At the minimum,
this assumption will argue against the use of long baselines for computing limits.)

For a final example I shall use a data set coming from a document in my possession.  It is the
time in days between the occurrences of an unspecified (unfavorable) event at a hospital.  The
times are shown in Figure 14.  In the document the data were all raised to the 0.27778 power,
placed on an XmR chart, and the limits were computed using all of the data.  (This corresponds to
a baseline of 4.5 years.)  The average moving range for the transformed values is 0.751, which
gives the limits shown in Figure 15.

Days Between Events at a Hospital

Year 1 2 3 4 5
Times 57 79 17 48 20 31 74 14 54 59 68 93 88 85 150 99 161 113 91 237
mR 22 62 31 28 11 43 60 40 5 9 25 5 3 65 51 62 48 22 146

Figure 14:  Events per Year and Time Between Events
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Figure 15:  Complex t-Chart for Transformed Days Between Events

The only glimmer of a signal is the long run above the central line in Figure 15.
Unfortunately, when we transform the data in a nonlinear manner we effectively shift the central
line relative to the rest of the data (compare the central lines with the running records in Figures
15 and 16).  This makes the interpretation of long runs tricky and undermines the use of the
traditional run tests.  While this run of 12 points is likely to be some sort of a signal, this
interpretation is subjective and owes more to the following analysis than to the chart in Figure 15.
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Figure 16:  XmR Chart for the Days Between Events
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If we simply place the days between events on an XmR Chart we get the chart shown in
Figure 16.  For this 4.5 year period the average is 81.9 and the average moving range is 38.8.  The
point above the limit and the run leading up to that point suggest that there was a change in the
rate of these events sometime during Year Two.  Moreover, the point above the upper range limit
suggests that Year Five is going to have a detectably lower rate for this event than what was seen
in Years Two, Three, and Four.

However, waiting until you have over four years worth of data before computing limits is
simply not realistic for these data.  If we assume that an effort to reduce the rate of this event was
started at the beginning of Year Two, we might have used Year One as our baseline.  This would
produce the chart and limits shown in Figure 17.

0

100

200

142.5

43.8

0

100

37.1

121.3

Year One Two Three Four Five

D
ay

s

mR

Figure 17:  XmR Chart for the Days Between Events with Year One as Baseline

Here we detect a lowered rate for this event in Year Three.  Interpreting the run in which this
point above the limit occurs we see that this improvement might have begun as early as the start
of Year Two.  And Year Five still looks like it will be better than the previous years.  Contrast the
clarity and interpretability of the signals in Figures 16 and 17 with the lack of any clear signal in
Figure 15.

SUMMARY

Whenever the average count per time period drops below 1.00 you are working with rare
events.  When this happens the p-chart, np-chart, c-chart, and u-chart will all become very
insensitive.  At the same time the problem of chunky data will prevent you from using the XmR

chart with the counts of items or the counts of events.   When this happens you should shift from
counting the events per time period and instead measure the area of opportunity between the
rare events.  Here you cease to get a value every time period, and instead get a value every time
you have an event.  (This shift in how you collect the data argues against using this approach
except in the case of rare events.)

 When working with the times between events you may wish to compute instantaneous rates
for each event and place these on an XmR Chart as illustrated in Figures 4 and 5, or you may
work directly with the times between events as shown in Figure 6.  When these charts become
one-sided, you may need to work with both charts in order to detect both improvements and
deterioration, as shown in Figures 8 and 9.
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While specialty charts have been created for times between events, they suffer the logical
flaw of making a strong assumption that the data are homogeneous prior to examining those data
for homogeneity.  As a result the g-chart in Figure 10 failed to show any of the signals found in
Figures 8 and 9, and the simple t-chart in Figure 11 failed to detect the signal found in Figure 6.

The complex t-chart does a better job than the simple t-chart simply because it uses empirical
limits rather than theoretical limits.  For this reason Figure 13 found the same signal shown in
Figure 6.  However,  the complex t-chart still assumes that all of the times between events are
modeled by one and the same exponential distribution, and it applies the same nonlinear
transformation to all of the values prior to placing them on a chart.  As is generally the case, this
nonlinear transformation will tend to hide the signals within the data.  Thus, Figure 15 failed to
show the signals found in Figures 16 and 17.

The g-chart and the t-chart seek to provide exact solutions to specific problems.
Unfortunately, these specific problems do not match the realities of the data we actually
encounter.  The XmR chart simply takes the data as they exist and examines them to see if they
show evidence of a change in the underlying process.  This empirical approach may use
approximate limits, but it is a robust approach that works with all types of data.  (See my column
for November of 2010 for more on this topic.)  And as the famous statistician John Tukey once
said:  “It is better to have an approximate answer to the right question than an exact answer to the
wrong question.”
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